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Abstract. This paper proposes a novel model of support function machine (SFM)
for time series predictions. Two machine learning models, namely, support vector
machines (SVM) and procedural neural networks (PNN) are compared in solv-
ing time series and they inspire the creation of SFM. SFM aims to extend the
support vectors to spatiotemporal domain, in which each component of vectors
is a function with respect to time. In the view of the function, SFM transfers a
vector function of time to a static vector. Similar to the SVM training procedure,
the corresponding learning algorithm for SFM is presented, which is equivalent
to solving a quadratic programming. Moreover, two practical examples are inves-
tigated and the experimental results illustrate the feasibility of SFM in modeling
time series predictions.
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1 Introduction

There has been more than ten years since support vector machines(SVM), the most
popular machine learning model, was invented by V. Vapnik [1]. This decade discerned
fast development of research on SVM both in theory and application. SVM as a gen-
eral classifier or regression function has shown its great fascination than other models,
such as neural networks, especially when samples are sparse and the established model
by SVM has good(may be the best) generalization capability. SVM is recently of in-
creasing interest more and more due to its promising empirical performance compared
with other learning techniques [2]. Instead of using empirical risk minimization(ERM),
which is commonly used in traditional learning, SVM is founded on structural risk min-
imization(SRM). ERM only minimizes the error occurred to training data whilst SRM
minimizes an upper bound of the generalization error. This enables SVM to generalize
well. The basic principle of SVM is to map the input space to a high-dimensional fea-
ture space using kernel techniques. A linear discriminant analysis is then formulated in
the feature space to maximize the margin between two classes so as to maximize the
generalization ability. Moreover, a discriminant analysis process is conducted based on
a set of support vectors which are selected automatically from training data [3].

For time series predictions, SVM has been utilized as a regression function [4]. But
while preparing samples for SVM, all functions which are dispersed in a certain inter-
val of time, have to be transferred to spacial vectors. So essentially, SVM still performs



functions that map static vectors from one space to another. Recently, procedural neu-
ral networks (PNN) was proposed for spatiotemporal modeling [7]. PNN is a temporal
neural networks model which aims to simulate time series predictions. Different from
the classic neural networks (NN) in which neurons can not change state with respect
to time, PNN combines the spatial and temporal information together, namely neurons
process information both from space and time simultaneously. Based on PNN, some
other models and learning strategies can be modified to simulate time series as well. In
the past years, PNN models, properties and learning algorithms have been approached,
such as complex number procedure neural networks [5], functional procedure neural
networks [6], approximation ability to functional function [8] and trainings [9]. Natu-
rally, the two models, SVM and PNN, inspire the following motivations: Can we find
such a model, which shares the form with SVM, has the function similar to PNN and
simulates time series better? Can we minimize the generalization error of PNN by in-
troducing such support functions? This paper will investigate these problems and try to
construct an efficient model for time series predictions.

The rest of this paper is organized as follows. In section two, a new model named
support function machine (SFM) is established for simulating spatiotemporal problems.
Section three deals with the learning algorithm for classification and regression respec-
tively referring to the quadratic maximum problem of SVM, and for classification prob-
lems detail learning steps are presented. In section four, two examples, harm forecasts
and stock predictions, are investigated. Finally, conclusions are given in section five.

2 Support Function Machines Model

Suppose we have N input patterns, xi ∈ Rn be the i-th input pattern, where n is the
number of the input variables, and yi be the corresponding label of xi. A SVM model
based on the support vectors found through learning is defined as

f(x, α) =
N∑

i=1

αiyiK(x, xi) + α0 (1)

where, K(x, xi) is called a kernel function and α = (α0, α1, · · · , αN ) is the parameter
vector needed to be confirmed.

In contrast to SVM, SFM is based on training data pairs (xi(t), yi), in which t ∈
[T1, T2], input patterns xi(t) = (xi1(t), xi2(t), · · · , xin(t)) and labels yi = (yi1, yi2,
· · · , yim), where i = 1, 2, · · · , N . Here m is the dimension of output, T1 and T2 are
time boundary points. In this paper we only consider the case n > 1,m = 1 which
corresponds to a multi-input and mono-output system. Different from SVM, all training
data in SFM are vector functions of time which are discrete in interval [T1, T2]. In
real world, sometimes data sampled in [T1, T2] are not simultaneously recorded, i.e. in
different dimensions different t ∈ [T1, T2] are used as the sampling time points. This
makes SVM difficult to simulate, because traditionally in SVM all the components of a
vector must be captured simultaneously.

We denote x(t) as a general vector function and xi(t) as the i-th support function
(corresponding to the i-th support vector in SVM). Then a SFM classifier based on the
support functions can be defined as



y = f(x(t), α) =
N∑

i=1

αiyiK(x(t), xi(t)) + α0 (2)

which describes a functional relation between the vector function x(t) and the vector
y. The structure of SFM is much similar to SVM as in Fig. 1. Here, we omit the first
subscripts of input vector x(t) = (x1(t), x2(t), · · · , xn(t)) which denote the sequence
numbers of samples.
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Fig. 1: Support function machine model

A major revision is then made to determine the kernel function using functional
similarity for recognizing different attributes. The kernel functional function of the i-th
support function is defined as

K(x(t), xi(t)) = exp(β
s(x(t), xi(t))− bi

bi
) (3)

where s(x(t), xi(t)) is a pair-wise similarity between function x(t) and xi(t), bi is the
maximum similarity associated with the i-th support function and β is a constant. It can
be seen that the term in the exponent function, which can be denoted as

c(x(t), xi(t)) =
s(x(t), xi(t))− bi

bi
(4)

is in general non-positive.
In this study, we revise the form of bio-SVM [3] and promote SFM, which can be

regarded as the generalization of bio-SVM. Actually, there are many ways to define the
similarity of two functions and each similarity corresponds to a distance between two
functions, for example, in Euclid space

s(x(t), xi(t)) =
1

T1 − T2

∫ T2

T1

x(t) · xi(t)
‖x(t)‖‖xi(t)‖dt (5)



in which ’·’ denotes the inter-product of two vectors, ‖x(t)‖ denotes a norm of the
vector, while x(t) and xi(t) are continuous in [T1, T2]. If x(t) is a non-numerical se-
ries function, for instance, a sequence of discrete data x(t)|t∈[T1,T2] = {xljk|j =
1, · · · , n; k = 1, · · · , nj} and xi(t) = {xijk|j = 1, · · · , n; k = 1, · · · , nj}, here,
l, i = 1, · · · , N and nj is the hits number of component xij(t) in [T1, T2], the similar-
ity can be defined as

s(x(t), xi(t)) =
‖x(t) ∩ xi(t)‖
‖x(t) ∪ xi(t)‖ (6)

where ‖A‖ denotes the size of the set A.
In this paper, for the case of numerical samples in the Euclid space and xi(tk) =

{xijk|j = 1, · · · , n}, we define the corresponding vector function similarity as

s(x(t), xi(t)) =
1
M

M∑

k=1

x(tk) · xi(tk)
‖x(tk)‖‖xi(tk)‖ (7)

in which M denotes the sampling scale in the temporal domain.
Unfortunately, the similarity definition can not guarantee the corresponding kernel

function to be semidefinite positive, which is a Mercer’s kernel. In fact, it is well known
that the exponential of a distance is not, in general, a Mercer’s kernel. However, the
proposed kernel can always be made semidefinite positive by appropriate choice of pa-
rameter (β as in (3)) [14]. In particular, as long as no two samples in the training set are
exactly alike, it is always possible to make the kernel matrix diagonally dominant, and
therefore semidefinite positive, by making β sufficiently large. Therefore, the positive
definiteness of the kernel can usually be checked by evaluating the positive definiteness
of the kernel matrix obtained with the data sets.

3 Learning Algorithm

Typically, a learning algorithm for SVM is equivalent to solving a quadratic maximum
or minimum problem. This strategy is also valid for SFM except that it is different in
computing the kernel function. In the case of classification, the primal objective func-
tion (which should be minimized) is

E(α) =
1
2

N∑

i,j=1

αiαjyiyjK(xi(t), xj(t))−
N∑

i=1

αi (8)

subject to the box constraint
0 ≤ αi ≤ C, ∀i (9)

and the linear constraint
N∑

i=1

αiyi = 0 (10)



Here C is the restriction bound and can be different in each loop of computing α. In the
process of searching optimal αi, for instance, in the s-th iteration, it takes the form as

C(s) = max
i
{αi(s)}+ 1 (11)

This is a quadratic restrictive optimal problem with respect to αi and can be solved by
a gradient descend strategy, i.e. update α by

αi(s + 1) = min{C(s),max{0, αi(s)−∆αi(s)}} (12)

where

∆αi(s) = η(yi

N∑

j=1

αj(s)yjK(xi(t), xj(t))− 1) (13)

Here, η is learning rate, η ∈ (0, 1), and typically η is fixed.
While for regression functional function, similar to [10] SFM minimizes functional

function as follows.

E(α) =
1
N

N∑

i=1

|yi − f(xi(t), α)|ε + ‖α‖2, (14)

where |x|ε is an ε-insensitive error function defined as

|x| =
{

0, if |x| < ε

|x| − ε, otherwise
(15)

and the output of SFM has the following form

f(x(t), α∗, α) =
N∑

i=1

(α∗i − αi)K(x(t), xi(t)) + α0 (16)

Intuitively, α∗i and αi are ”positive” and ”negative” Lagrange multipliers (i.e., a single
weight) that obey α∗i , αi ≥ 0, ∀i, and

∑N
i=1(α

∗
i − αi) = 0.

Referring to the dual theorem [11], the primal form of equation (16) can be written
as

L(α∗, α) =ε
N∑

i=1

(α∗i + αi)−
N∑

i=1

yi(α∗i − αi)

+
1
2

N∑

i=1

N∑

j=1

(α∗i − αi)(α∗j − αj)K(xj(t), xi(t)),

(17)

where the objective function should be minimized with respect to α∗ and α, subject to
the constraints





N∑

i=1

(α∗i − αi) = 0

0 ≤ α∗i , αi ≤ C, ∀i,
(18)



here the parameter C is the same user-defined constant that represents a balance be-
tween the model complexity and the approximation error.

For the case of classification, the algorithm can be described in detail as follows.
Step 1. Initialize all parameters including SFM structure parameters (e.g. α) and

learning algorithm parameters (e.g. error precision ε).
Step 2. Choose an appropriate β and compute the kernel matrix by equation (3) until

it is semidefinite positive.
Step 3. Compute error function E1 according to equation (8) for all training samples.
Step 4. Update parameters α by equation (12) and equation (13).
Step 5. Compute error function E2 by equation (8).
Step 6. If |E2 − E1| < ε stop, otherwise let E1 = E2, go to step 3.

4 Application Examples

4.1 Harm Forecast of Horsetail Pine Worms

Horsetail pine worm is one of major harms to the forest in the southeast China. Al-
though much more has been done in development of techniques to protect forest source,
it is necessary to forecast the degree of worm harm in the coming season. The data is
provided by the Institute of Jinhua Epidemic Prevention. Each record includes four seg-
ments, namely, later age through winter(LA), the first age(FA), the second age(SA), and
the anterior age through winter(AA). For each segment there are eight observation fields
including light-degree harm (LDH), middle-degree harm (MDH), heavy-degree harm
(HDH), total amount of worms(TAW), average amount of worm in one tree (AAW),
average amount of tree worm-harmed (AAT), area worm-harmed (AWH) and area of
one degree worm-harmed (AOD). In Table 1 we just give two records of the horsetail
worm harm affection from 1995 to 1996. Data in one year naturally form one record
corresponding to one sample for training SFM. In each sample the four segments corre-
spond to four values for each field in the temporal domain. The seven columns of values
(except HDH) compose the input vectors for SFM, and the labels of heavy degree harm
(HDH) in the associated seasons are the desire outputs of SFM (1 denotes heavy and -1
denotes not heavy).

Table 1: Two samples of horsetail worm harm

Segments LDH MDH HDH TAW AAW AAT AWH AOD
LA 22636 899 -1 23535 2.1 42.2 178581 155046
FA 64798 17867 -1 82665 3.5 37.8 262990 180325
SA 113212 50202 1 163414 3.9 42.3 388334 224920
AA 154515 36068 1 192430 4.5 47.1 411479 219049
LA 115497 13665 1 129162 4.2 47.0 353690 224528
FA 147156 27869 1 175025 4.4 57.6 445607 270582
SA 125226 21048 1 146274 3.0 50.0 435536 289262
AA 63182 280 -1 63462 2.4 53.4 313313 249851



Totally 39 samples are used in this experiment including training and test. Five
groups of data are designed and in each group data is randomly divided into two sets:
training and test. The experiment results are summarized in table 2.

Table 2: Warm harm heavy degree predictions

Training samples Test samples Error samples Accuracy
20 19 10 47.37 %
26 13 4 69.23 %
30 9 2 77.78 %
32 7 1 85.71 %
34 5 0 100 %

4.2 Stock Price Predictions

It is a practically interesting and challenging topic to predict the trends of a stock price.
Fundamental and technical analysis were the first two methods used to forecast stock
prices. Various technical, fundamental, and statistical indicators have been proposed
and used with varying results. However, no one technique or combination of techniques
has been successful enough to consistently ”beat the market”[12]. Much more work
has been done on stock markets predictions. We do not discuss more theories on stock
market here, and we regard it as a typical example of time series. The stock data comes
from Yahoo finance web site[13] in the period from 01/01/2000 to 06/30/2001. Data in
one week or five days composes a sample of SFM. For each sample there are five ob-
servation fields including the open price, the highest price, the lowest price, the closing
price and the stock volume. Table 3 lists two samples of Yahoo stock from 01/03/2000
to 01/14/2000.

Table 3: Ten records of a stock price list

Date Open High Low Close Volume
01/03/2000 153.00 153.69 149.19 150.00 22069800
01/04/2000 147.25 148.00 144.00 144.00 22121400
01/05/2000 143.75 147.00 142.56 143.75 27292800
01/06/2000 143.13 146.94 142.63 145.67 19873200
01/07/2000 148.00 151.88 147.00 151.31 20141400
01/10/2000 152.69 154.06 151.13 151.25 15226500
01/11/2000 151.00 152.69 150.63 151.50 15123000
01/12/2000 151.06 153.25 150.56 152.00 18342300
01/13/2000 153.13 154.94 153.00 153.75 14953500
01/14/2000 153.38 154.63 149.56 151.00 18480300

In this experiment we choose 100 samples continuously from the data list, and for
each prediction we select 20 samples, which are the closest to the prediction one in
date, in training SFM. Each sample is composed of data from five sequential days. The
prediction and actual values for open price are plotted in Fig. 2, and so are for close
price in Fig. 3.
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Fig. 2: Predictive and actual value of open price. Here the solid curve denotes the actual price of
the stock, the dotted curve indicates the prediction value, the horizontal direction shows the date
and the vertical direction presents the stock price.
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Fig. 3: Predictive and actual value of close price. The meanings of the two curves in this figure
are the same as in Fig.2. Here 100 records of daily stock prices are investigated as the test set of
SFM model. For the sake of intuition, all the discrete points are connected with line and each of
the curve tendency is plotted clearly.



5 Conclusions

The purpose of this paper is to generalize SVM and promote SFM in which input pat-
terns are functions of time. In the case of classifications, sometimes we have to deal
with such problems that need to separate vector functions in a function space. While
the task of function regression is to simulate time series in a spatiotemporal domain.
The main contribution of this paper is to define the similarity between two vector func-
tions and give the kernel function of vector functions. The learning algorithm for SFM
is in no discrimination with that of the traditional SVM except the kernel functions. In
real world, there are many problems associated with a procedure or varied with respect
to time. SFM provides a new attempt to model such time series issues.
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