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Abstract. Group decision making with preference information on alternatives 
has become a very active research field over the last decade. Especially, the in-
vestigation on the group decision making problems based on different prefer-
ence formats has attracted great interests from researchers recently and some 
approaches have been developed for dealing with these problems. However, the 
existing approaches can only be suitable for handling the subjective preference 
information. In this paper, we investigate the multiple attribute group decision 
making (MAGDM) problems, in which the attribute values (objective informa-
tion) are given as non-negative real numbers, the information about attribute 
weights is to be determined, and the decision makers have their subjective pref-
erences on alternatives. The provided subjective preference information can be 
represented in three well-known exact preference formats: 1) utility values; 2) 
fuzzy preference relations; and 3) multiplicative preference relations. We first 
set up three constrained optimization models integrating the given objective in-
formation and each of three preference formats respectively, and then based on 
these three models, we establish an integrated constrained optimization model 
to derive the attribute weights. The obtained attribute weights contain both the 
subjective preference information given by all the decision makers and the ob-
jective information. Thus, a straightforward and practical method is provided 
for MAGDM with multiple types of exact preference formats. 

1   Introduction 

Decision making is a common activity in everyday life. In many real-world situations, 
such as economic analysis, strategic planning, medical diagnosis, and venture capital, 
etc. [1], multiple decision makers are usually involved in the process of decision 
making, and needed to provide their preference information over a finite set of feasi-
ble alternatives. Due to that each decision maker has his/her unique characteristics 
with regard to knowledge, skills, experience and personality, the different decision 
makers may express their preferences by means of different preference representation 
formats, such as utility values [2], fuzzy preference relation [3], multiplicative prefer-
ence relation [3], etc. The issue has attracted great attention from researchers recently, 
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and a variety of approaches have been developed to dealing with various group deci-
sion making problems with nonhomogeneous preference information. In [4], some 
representation models were established for group decision making problems based on 
the concept of fuzzy majority for the aggregation and exploitation of the information 
represented by means of preference orderings, utility functions, and fuzzy preference 
relations. For the group decision making problem, where the information about the 
alternatives provided by the decision makers can be presented by means of preference 
orderings, utility functions, and multiplicative preference relations, Herrera [5] pre-
sented a multiplicative decision model based on fuzzy majority to choose the best 
alternatives, taking the multiplicative preference relation as the uniform element of 
the preference representation. In the case where the decision makers provide their 
evaluations by means of numerical or linguistic assessments, Delgado et al. [6] intro-
duced a fusion operator of numerical and linguistic information by designing two 
transformation methods between the numerical and linguistic domains based on the 
concept of characteristic values. Based on some aggregation operators (the linguistic 
weighted arithmetic averaging (LWAA) operator, linguistic arithmetic averaging 
(LAA) operator, linguistic weighted geometric averaging (LWGA) operator and lin-
guistic geometric averaging (LGA) operator), Xu [7] presented two procedures for 
group decision making with multiple types of linguistic preference relations (includ-
ing additive linguistic preference relations, uncertain additive linguistic preference 
relations, multiplicative linguistic preference relations, and uncertain multiplicative 
linguistic preference relations). Ma et al. [8] constructed an optimization model to 
integrate the four preference structures (utility values, preference orderings, multipli-
cative preference relations, and fuzzy preference relations) and to assess ranking 
values of alternatives. The prominent characteristic of the model is that it does not 
need to unify different structures of preferences or to aggregate individual prefer-
ences into a collective one, and it can obtain directly the ranking of alternatives. 

However, the existing approaches dealing with different preferences over alter-
natives can only be suitable for handling the subjective preference information. That 
is, they can only be used to handle group decision making problems with single at-
tribute (or criterion) and multiple alternatives, but unsuitable for the multiple attribute 
group decision making (MAGDM) problems which involves finding the most desir-
able alternative(s) from a discrete set of feasible alternatives with respect to a finite 
set of attributes. The MAGDM problems with preference information on alternatives 
generally contain both the subjective preference information given by all the decision 
makers and the objective information described by attribute values. In this paper, we 
propose a subjective and objective integrated method for the MAGDM problems with 
multiple types of exact preference formats in which the attribute values (objective 
information) are given as non-negative real numbers, and the decision makers have 
their subjective preferences on alternatives. The provided subjective preference in-
formation can be represented in three well-known exact preference formats: 1) utility 
values; 2) fuzzy preference relations; and 3) multiplicative preference relations. To do 
so, we organize the paper as follows. In Section 2, we present the studied MAGDM 
problems. Section 3 sets up three constrained optimization models integrating the 
given objective information and each of three preference formats respectively. Based 
on these three models Section 4 establishes an integrated constrained optimization 
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model to derive the attribute weights, and then utilizes the overall attribute values to 
get the ranking of alternatives, and finally, Section 5 concludes the paper. 

 
 
2   Problem Presentation 
 
In this section, we describe the multiple attribute group decision making (MAGDM) 
problems under consideration with three exact preference formats: 1) utility values; 2) 
fuzzy preference relations; and 3) multiplicative preference relations. For conven-
ience, we first let },...,2,1{ mM = , },...,2,1{ nN = , and },...,2,1{ tT = . 

For a MAGDM problem, let X )2(}...,,,{ 21 ≥= nxxx n  be a discrete set of 

n  feasible alternatives, },...,,{ 21 tdddD =  be a finite set of decision makers, and 
T

t ),...,,( 21 λλλλ =  be the weight vector of decision makers, where 0,kλ ≥  

1
, 1

t

k
k

k T λ
=

∈ =∑ , kλ  denotes the weight of decision maker kd  (Ramanathan and 

Ganesh [9] proposed a simple and intuitively appealing eigenvector based method to 
intrinsically determine the weights for group members using their own subjective 
opinions). Let { }mGGGG ...,,, 21=  be a finite set of attributes, T

mwwww ),...,,( 21=  

be the weight vector of attributes to be determined, where iw  reflects the relative 

importance degree of the attribute iG , ,0≥iw  Mi∈ , and ∑
=

=
m

i
iw

1
1. Let A=  

( )ij m na ×  be the data matrix, where ija  is an attribute value, which is expressed with 

positive real number, of the alternative Xx j ∈  with respect to the attribute 

GGi ∈ .  
In general, there are benefit attributes and cost attributes in the MAGDM prob-

lems. In order to measure all attributes in dimensionless units and to facilitate inter-
attribute comparisons, we introduce the following formulas to normalize each attrib-
ute value ija  in data matrix nmijaA ×= )(  into a corresponding element in data matrix 

nmijrR ×= )( : 

,
1
∑
=

=
n

j
ijijij aar  for benefit attribute iG , NjMi ∈∈ ,                      (1) 

,)1()1(
1
∑
=

=
n

j
ijijij aar  for cost attribute iG , NjMi ∈∈ ,               (2) 

Based on the normalized data matrix R , we get the overall attribute value of the 
alternative Xx j ∈  by using the additive weighted averaging operator: 
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                                 ∑
=

=
m

i
ijij rwwz

1
)( , Nj ∈                                               (3) 

In general, if the weight vector 1 2( , ,..., )T
mw w w w=  is completely known, then 

(3) can be used to determine the ranking of all alternatives ),...,2,1( njx j = . The 

greater the overall attribute value )(wz j , the better the corresponding alternative 

jx  will be. 

In addition, the decision makers also have preference information on alternatives, 
and the preference information provided by each decision maker is represented by 
one of the following exact preference formats: 

1) Utility values [2]. A decision maker provides his/her preference on X  as a set 
of m  utility values, }...,,,{ 21 nuuuU = , where ]1,0[∈ju  represents the utility 

evaluation provided by the decision maker to the alternative jx .  

2) Fuzzy preference relation [3]. A decision maker’s preference information on 
X  is described by a fuzzy preference relation nnijpP ×= )( XX×⊂  , with 

                            ,0≥ijp ,1=+ jiij pp 5.0=iip , Nji ∈,                            (4) 

where ijp  indicates the preference degree of the alternative ix  over jx . If  

                               ,5.0+−= jkikij ppp  for all Nkji ∈,,                        (5) 

then P  is called a consistent fuzzy preference relation, which is given by [1]: 
                            ),1(5.0 +−= jiij wwp  for all Nji ∈,                                (6) 

3) Multiplicative preference relation [3]. A decision maker’s preference informa-
tion on X  is described by a multiplicative preference relation mmijbB ×= )( XX×⊂  

satisfying the following condition: 
,0>ijb ,1=jiij bb ,1=iib  Nji ∈,                           (7) 

where ijb  indicates the preference degree of the alternative ix  over jx , it is inter-

preted as ix  is ijb  times as good as jx . If  

                                      ,kjikij bbb =  for all Nkji ∈,,                                   (8) 

then B  is called a consistent multiplicative preference relation, which is given by  
                                   ,jiij wwb =  for all Nji ∈,                                        (9) 

 
In the next section, we shall develop three constrained optimization models 

based on the objective information contained in the normalized data matrix R  and 
each of three preference formats (utility values, fuzzy preference relations, and multi-
plicative preference relations) respectively. 
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3 Constrained Optimization Models Based on Data Matrix and 
Each Different Exact Preference Format 

 
In the following, we establish the relationships between the given objective informa-
tion and subjective preference information. In order to do so, we make the objective 
decision information (the normalized data matrix) uniform respectively with each 
format of the subjective decision information (utility values, fuzzy preference rela-
tions, and multiplicative preference relations). 
 
1) Model based on data matrix and utility values:  

 
We first consider a special case where the information in the normalized data matrix 

nmijrR ×= )(  is consistent with the utility values ju ),...,2,1( nj = , then all the 

overall attribute values )(wz j ),...,2,1( nj =  of the alternatives jx ),...,2,1( nj =  

should be equal to the utility values ju ),...,2,1( nj = , respectively, that is, 

                            j

m

i
iji rw µ=∑

=1
,  for all nj ,...,2,1=                              (10) 

which is equivalent to the following form: 
                                                µ=wR T                                                        (11) 

where T
nuuu )...,,,( 21=µ .  

    However, in general, the condition (10) (or (11)) does not hold. That is, the in-
formation in the normalized data matrix nmijrR ×= )(  is generally inconsistent with the 

utility values ju ),...,2,1( nj = . Here, we introduce the deviation variable je  : 

                       j

m

i
ijij rwe µ−= ∑

=1

,  for all nj ,...,2,1=                          (12) 

Clearly, it is desirable that the overall attribute values )(wz j ),...,2,1( nj =  of 

the alternative jx ),...,2,1( nj =  should be as closer to the utility values ju  

),...,2,1( nj =  as possible. Thus, we need to minimize the deviation variables je  

),...,2,1( nj = , and then construct the following constrained optimization model: 

(M-1)  ∑
=

=
n

j
jeMinJ

1

2*
1  

       1..
1

=∑
=

m

i
iwts , miwi ,...,2,1,0 =≥  

where 2

1

2 )( j

m

i
ijij rwe µ−= ∑

=

,  for all nj ,...,2,1= . 
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2) Model based on data matrix and fuzzy preference relations:  
 

In order to make the information uniform, we can utilize (6) to transform all the over-
all values )(wz j ( nj ,...,2,1= ) of the alternatives jx ( nj ,...,2,1= ) into a con-

sistent fuzzy preference relation nnijpP ×= )(  by using the following transforma-

tion function: 
                ),1)()((5.0 +−= wzwzp jiij  for all nji ,...,2,1, =                   (13)    

i.e.,  

),1)((5.0)1(5.0
111

+−=+−= ∑∑∑
===

m

k
kjkik

m

k
kjk

m

k
kikij rrwrwrwp  for all nji ,...,2,1, =     (14) 

If the information in the normalized data matrix nmijrR ×= )(  is consistent with 

the fuzzy preference relation nnijpP ×= )( , then the consistent fuzzy preference rela-

tion nnijpP ×= )(  should be equal to nnijpP ×= )( , i.e., 

                ij

m

k
kjkik prrw =+−∑

=

)1)((5.0
1

,  for all nji ,...,2,1, =                 (15) 

    However, the condition (15) does not always hold. That is, the information in 
the normalized data matrix nmijrR ×= )(  is generally inconsistent with the fuzzy pref-

erence relation nnijpP ×= )( . Then we introduce the deviation variable ije  such that 

           ij

m

k
kjkikij prrwe −+−= ∑

=

)1)((5.0
1

,  for all nji ,...,2,1, =        (16) 

Clearly, it is desirable that the consistent fuzzy preference relation nnijpP ×= )(  

should be as closer to the fuzzy preference relation nnijpP ×= )(  as possible. Thus, 

we need to minimize the deviation variables ije ),...,2,1,( nji = , and then construct 

the following constrained optimization model: 

 (M-2)  ∑∑
= =

=
n

i

n

j
ijeMinJ

1 1

2*
2  

       1..
1

=∑
=

m

i
iwts , miwi ,...,2,1,0 =≥  

where 2

1

2 ])1)((5.0[ ijkj

m

k
kikij prrwe −+−= ∑

=

,  for all nji ,...,2,1, = . 

 
3) Model based on data matrix and multiplicative preference relations:  
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To integrate the decision information in the normalized data matrix nmijrR ×= )(  

and the multiplicative preference relation nnijbB ×= )( , we utilize (9) to transform 

all the overall values )(wz j  ( nj ,...,2,1= ) of the alternatives jx ( nj ,...,2,1= ) 

into a consistent multiplicative preference relation nnijbB ×= )(  by using the follow-

ing transformation function: 
                             ,)()( wzwzb jiij =   for all nji ,...,2,1, =                       (17) 

i.e.,  

                       ∑∑
==

=
m

k
kjk

m

k
kikij rwrwb

11

,   for all nji ,...,2,1, =                    (18) 

If the information in the normalized data matrix nmijrR ×= )(  is consistent with 

the multiplicative preference relation nnijpP ×= )( , then the consistent multiplica-

tive preference relation nnijbB ×= )(  should be equal to the multiplicative prefer-

ence relation nnijbB ×= )( , i.e., 

                     ij

m

k
kjk

m

k
kik brwrw =∑∑

== 11
,  for all nji ,...,2,1, =                  (19) 

For the convenience of calculation, (19) can be transformed as: 

                  ∑∑
==

=
m

k
kjkij

m

k
kik rwbrw

11

,  for all nji ,...,2,1, =                     (20) 

However, the condition (20) does not always hold. That is, the information in the 
normalized data matrix nmijrR ×= )(  is generally inconsistent with the multiplicative 

preference relation nnijbB ×= )( . Then we introduce the deviation variable ijf  such 

that 

∑∑ ∑
== =

−=−=
m

k
kjijkik

m

k

m

k
kjkijkikij rbrwrwbrwf

11 1
)( ,  for all nji ,...,2,1, =   (21) 

 
Clearly, it is desirable that the consistent multiplicative preference relation 

nnijbB ×= )(  should be as closer to the multiplicative preference relation =B  

nnijb ×)( as possible. Thus, we need to minimize the deviation variables ijf  

),...,2,1,( nji = , and then construct the following constrained optimization model: 

(M-3)  ∑∑
= =

=
n

i

n

j
ijfMinJ

1 1

2*
3  

  1..
1

=∑
=

m

i
iwts , miwi ,...,2,1,0 =≥  
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where 2

1

2 ))((∑
=

−=
m

k
kjijkikij rbrwf ,  for all nji ,...,2,1, = . 

 
4 Constrained Optimization Models Integrating Data matrix and 

All Three Different Preference Structures 
 
Now we consider the MAGDM problem with three different exact preference struc-
tures, namely, utility values, fuzzy preference relations, and multiplicative preference 
relations. Without loss of generality, we suppose that: 

1) The decision makers ),...,1( 1tkd k =  provide their preference information 

on n  alternatives ),...,2,1( njx j =  by means of the utility values )(k
ju  

;,...,2,1( nj =  ),...,1 1tk = .  

2) The decision makers ),...,1( 21 ttkd k +=  provide their preference infor-

mation on n  alternatives ),...,2,1( njx j =  by means of the fuzzy preference rela-

tions nn
k

ij
k pP ×= )( )()( , 21 ,...,1 ttk += .  

3) The decision makers ),...,1( 2 ttkd k +=  provide their preference infor-

mation on n  alternatives ),...,2,1( njx j =  by means of the multiplicative prefer-

ence relations nn
k

ij
k bB ×= )( )()( , where ttk ,...,12 += . 

In the previous section, we have established three constrained optimization 
models based on the data matrix and each of the three different exact preference 
structures, namely, utility values, fuzzy preference relations, and multiplicative pref-
erence relations. Based on these three constrained optimization models, in the fol-
lowing we establish an integrated model to reflect both the objective decision infor-
mation contained in the normalized data matrix nmijrR ×= )(  and the group opinion 

of all the decision makers ),...,1( tkd k = : 

(M-4)  ∑∑ ∑
= = =

⎟
⎠

⎞
⎜
⎝

⎛
−=

1

1

2

1

)(

1

*
1

t

k

n

j

k
j

m

i
ijik rwMinJ µλ  

2

1

2
* ( )
2

1 1 1 1
0.5 ( ) 1

t n n m
k

k l li lj ij
k t i j l

J M in w r r pλ
= + = = =

⎡ ⎤⎛ ⎞
= − + −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
∑ ∑ ∑ ∑  

2

2
* ( )
3

1 1 1 1
( )

t n n m
k

k l li ij lj
k t i j l

J Min w r b rλ
= + = = =

⎡ ⎤= −⎢ ⎥⎣ ⎦
∑ ∑ ∑ ∑  

 1..
1

=∑
=

m

i
iwts , miwi ,...,2,1,0 =≥  
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where 1 2( , ,..., )T
tλ λ λ λ=  be the weight vector of the decision makers kd  

),...,1( tk =  , with ,,0 Tkk ∈≥λ and ∑
=

=
t

k
k

1
1λ . 

By the linear equal weighted summation method [10], the model (M-4) can be 
transformed into the following single objective constrained optimization model: 

 
(M-5)  *

1 2 3( )J Min J J J= + +  

       1..
1

=∑
=

m

i
iwts , miwi ,...,2,1,0 =≥  

where  

∑∑ ∑
= = =

⎟
⎠

⎞
⎜
⎝

⎛
−=

1

1

2

1

)(

1
1

t

k

n

j

k
j

m

i
ijik rwJ µλ  

2

1

2

2
1 1 1 1

0.5 ( ) 1
t n n m

k l li lj ij
k t i j l

J w r r pλ
= + = = =

⎡ ⎤⎛ ⎞
= − + −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
∑ ∑∑ ∑  

2

2

3
1 1 1 1

( )
t n n m

k l li ij lj
k t i j l

J w r b rλ
= + = = =

⎡ ⎤
= −⎢ ⎥⎣ ⎦
∑ ∑ ∑ ∑  

 
which has m  weight variables, a linear equality constraint, m  linear inequality 
constraints, and a nonlinear objective function which is to be minimized.  

Solving the model (M-5) by the well-known optimization software Lingo 9.0, 
we get the optimal objective function value *J , the optimal attribute weight vector 

T
mwwww ),...,,( **

2
*
1

* = . After that, by (3), we calculate the overall attribute values 

)( *wz j ),...,2,1( nj = , by which we can rank all the alternatives jx )( Nj ∈  

and then select the best one(s). 
 
 
5. Concluding Remarks 
 
In this paper, we have established an integrated constrained optimization model to 
solving the multiple attribute group decision making (MAGDM) problems with pref-
erence information on alternatives. The model integrates all the given objective in-
formation contained in the data matrix and the subjective preferences given by the 
decision makers over alternatives represented by three well-known exact preference 
formats: 1) utility values; 2) fuzzy preference relations; and 3) multiplicative prefer-
ence relations. Structurally, the model consists of a linear equality constraint and a 
system of linear inequality constraints, and a nonlinear objective function which is to 
be minimized. We can solve the model easily by using some existing optimization 
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software packages such as the well-known optimization software Lingo 9.0. On the 
basis of the attribute weights derived from the established model, we have utilized the 
overall attribute values of alternatives to achieve the final ranking of the given alter-
natives so as to get the desirable decision result.  
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