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Abstract To reason the interaction between agents’ epistemic states and environments,
the agents’ epistemic states should include ontologies of agents (the agents’ as-
sumptions about environments), what the agents know, believe and desire, and
also should include the agents’ interpretations about these symbols in ontologies
onto the environments. A formal description of such agents’ epistemic states
and several examples are given to show how such a description can be used to
explain the puzzles in reasoning the modal sentences. For example, a sentence
holding in a structure may have different consequences reasoned by different
agents, because of the different epistemic states.
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1. Introduction

Multi-agent VSK logic ([1],[2]) is a multi-modal logic for reasoning about
the epistemic states of agents in some environment. The logic is used to rep-
resent information visible, perceived and known to agents in an external en-
vironment and an agents’ internal environment (epistemic state). Because the
VSK logic is based on the propositional logic, it cannot express the interac-
tion between agents’ epistemic states and environments in which the agents
are. What the agents perceive may change what the agents believe, know and
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desire; and what the agents’ ontologies ([3],[4]) and interpretation of symbols
in the ontologies may change the interpretation of statements holding in the
environments.

An epistemic state of an agent in an environment includes statements about
the real world, where the statements are interpreted in terms of the agent’s
own interpretation. It determines the interpretation of statements about the
environment; and the environment changes what the agent perceives, hence,
what the agent believes, knows and desires. Hence, an environment interacts
with the epistemic states of the agent in the environment. Based on the above
discussion, we shall give a logical description of agents’ epistemic states and
environments.

The paper is organized as follows: section 2 gives a formal definition of
symbols representing the agents’ epistemic states; in section 3, we give the
interpretations of symbols and formulas in structures (environments), and the
definition of inconsistency between what are true in structures and agents’ epis-
temic states; section 4 uses examples to resolve the puzzles in modal logic. The
last section concludes the paper.

2. The Epistemic States

An epistemic stateEa of an agenta should include the following ingredi-
ents:
• a logical languageL which is sharable and common to every agent.
• an ontologyOa of agenta, whereOa consists of a setCa ⊆ L of names

(concepts, denoted byα, β, etc.), a binary relationv on Ca (the subsumption
relation), and a functionF a such that every name (concept)α is associated
with a frameF a

α , whereF a
α contains statements (formulas inL) aboutα which

are known or assumed by agenta. Defineα ≡ β if α v β andβ v α.
• a setKa of statements known to agenta; Ba believed by agenta; Da

desired by agenta.
• an interpretation functionIa such that for any structureM (an environ-

ment), there is an interpretationIa maps a name inL ontoM .
• a setW of possible world (structure) namesM.
Assume that there is an ontologyO and interpretationI independent of any

agent.
Remark 2.1. The statements inF a

α are different from these inKa in that
when agenta communicates with other agents,a assumes thatF a

α is known to
other agents; butKa may not be known to other agents.

Here, we assume thatL and structuresM are independent of agents. Any
formula inL is called a statement.

The languageL for representing epistemic states of agents consists of
• L as a sub-language;
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• a setA of agents;
• epistemic modalsKa,Ba andKa for everya ∈ A;
• a symbolIa for everya ∈ A;
• a setW of possible world names.
Definition 2.2. A string t of symbols inL is a term if either
(i) t is a term inL, or
(ii) t = Ia(s), wheres is a term inL, or
(iii) t = M for someM ∈ W.
For anya ∈ A, a should be a term. Becausea occurs only as a subscript of

Ka,Ba,Da or Ia, a is not taken as a term any more.
Definition 2.3. A stringϕ of symbols is a formula inL if either
◦ ϕ is a statement inL (given a structureM and an interpretationI, ϕ is

interpreted to be a property onM ); or
◦ ϕ = Kaψ,Baψ,Daψ, whereψ is a statement inL or formula inL (given

a structureM and an interpretationIa, Ka,Ba andDa are interpreted to be
sets of properties aboutM ); or
◦ ϕ = Ia(t) = Ia(s), or Ia(ψ), wheret, s are terms inL andψ is a formula

in L (given a structureM, Ia is interpreted as an interpretationIa, hence,Ia

can be taken as a function from structures to interpretations); or
◦ ϕ = ¬ψ, ψ1 → ψ2, whereψ, ψ1 andψ2 are statements inL or formulas

in L.
We can list some axioms about modals, such as:Kaϕ → Baϕ, etc.
Remark 2.4. Ka,Ba,Da are not taken as modalities as in the BDI logic,

but as sets of sentences. There are two reasons: one is to avoid using the
possible world semantics, which is not compatible very well with our intuition
that whata believes is just a set of statements. Another reason is that there is
no appropriate modal predicate logic for the multi-agent systems, because of
the propositional attitude reports ([5]).

3. Interpretations I and Ia

Given a structureM, assume that agenta is amongM, that is,a is an object
in M. There is an interpretationI independent of any agents, and an interpre-
tationIa for an agenta, whereIa satisfies the following conditions:

(3.1) Ia(Ka), Ia(Ba) andIa(Da) are consistent sets of formulas such that
Ia(Ka) ⊆ Ia(Ba);

(3.2)Ia(Ia) = Ia.
Then, there is an interpretationI of L such thatI(I) = I; andI(Ia) = Ia.

LetThI(M) be the statements inL which are true inM under interpretation
I, that is,ThI(M) = {ϕ ∈ L : M, I |= ϕ}. For the convenience, we assume
thatThIa(M) = ThIa(Pa,M ), wherePa,M is a sub-structure ofM that agent
a can perceive.Ia maps every conceptα in Ca to be a set of objects inM,
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denoted byIa(α), such that for anya ∈ M, if a ∈ Ia(α) then we say thata is
an instance ofα in M under interpretationIa.

Definition 3.1. Given a sentenceϕ and a structureM, we define the satis-
faction ofϕ in M as follows:

If ϕ is a statement inL thenM |= ϕ if ϕ ∈ ThI(M);
M, Ia |= α v β if Ia(α) ⊆ Ia(β);
M, Ia |= Kaϕ if ϕ ∈ Ia(Ka);
M, Ia |= Ia(t) = Ia(s) if Ia(t) = Ia(s);
M, Ia |= Ia(ϕ) if Ia(ϕ) ∈ ThIa(M);
What a perceives should be represented in the agent’s epistemic states.

Hence, for any objectx ∈ Pa,M , there is a new namexa,M added inOa,
andThIa(Pa,M ) is added inKa andOa. Two agentsa andb can communicate
information aboutxa,M if (1) a, b ∈ Pa,M , Pb,M ; and (2)x ∈ Pa,M , Pb,M . In
this case,xb,M is added inOb too.

Remark 3.2. Even when the universes inPa,M andPb,M are equal,Pa,M

may not be equal toPb,M . Because a relation symbolr may have different
interpretationsIa(r) andIb(r) onPa,M .

Let Ia(xa,M ,M) = x; and assume thatIa(xa,M ,M ′) may be undefined.
Notice thatKaϕ → ϕ is not an axiom, becauseϕ is to be interpreted by a

common interpretationI andKaϕ is interpreted byIa, andKaϕ being satis-
fied underIa does not imply the satisfaction ofϕ underI.

Given a structureM, Ia interpretsL onto M. What an agent should no-
tice is the difference and consistency betweenIa(Ka) andThIa(M), where
Ia(Ka) = {Ia(ϕ) : ϕ ∈ Ka}. An autonomic agent could reviseBa,Ka and
Da according to the inconsistency ofIa(Ka)∪ ThIa(Pa,M ). If a is retrospec-
tive then ifIa(Ka) andThIa(M) are inconsistent thena revisesKa such that
Ia(Ka) ⊆ ThIa(M). If it is necessary thena may reviseOa.

Remark 3.3. Notice that the revision done bya is not based on the in-
consistence ofIa(Ka) andThI(M), but on the inconsistence ofIa(Ka) and
ThIa(M). Becausea knows that there is an incorrect statement inKa,Ba or
Da, not because of the inconsistence betweenIa(Ka) andThI(M) (a does
not know ThI(M)), but because of the inconsistence betweenIa(Ka) and
ThIa(M). Whata perceives inM is ThIa(Pa,M ), notThI(Pa,M ).

4. Examples

In this section we give several examples to show how to use the description
given above to reason what agents’ know and what we know the agents’ know.

Example 4.1. Let Mm be a snapshot of the real world in the morning,
andMe in the evening. Assume thatα = morning star ∈ Ca andβ =
evening star ∈ Ca, andα ≡ β 6∈ Oa. It is a basic fact that

Mm, I |= α = β; Me, I |= α = β.
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For agenta, Ia(α) is defined inMm and not defined inMe; and Ia(β) is
defined inMe and not defined inMm. Hence, we have that

Mm, Ia |= α 6= β; Me, Ia |= α 6= β.

BecauseI(α) ∈ Pa,Mm andI(β) 6∈ Pa,Mm , agenta does not knowα = β by
perceivingα, so that agenta think thata need not reviseKa andOa, because

α 6= β ∈ Ka, α ∈ Mm ∈ Ka, β 6∈ Mm ∈ Ka.

In the common ontologyO, we assumeα, β ∈ C, andα v β, β v α ∈ O.
Notice thatO may not be a perfect and complete ontology for the real world.

Even though the logical languageL used to represent the real world is same
to agents, conflicts and misunderstanding between agents may be resulted in
by the difference in the following factors: (1) the statements about a concept;
(ii) Ka,Ba,Da andIa; and (iii) the environments perceived.

Because of the differences, a statementϕ in L may be interpreted in dif-
ferent ways for different agents, i.e., it is possible that for some agentsa and
b,M, I |= ϕ; M, Ia |= ϕ andM, Ib 6|= ϕ.

Example 4.2. Given a structureM and two agentsa andb, it is possible
that Pa,M 6= Pb,M , Oa 6= Ob, Ia 6= Ib, F

a
α 6= F b

α for someα ∈ L. Hence,
misunderstanding occurs betweena andb.

Assume thatα, β,Mm andMe are the same as example 4.1; andα ≡ β 6∈
Oa, α ≡ β ∈ Ob. Let Ia andIb be two interpretations such thatI(Ia) = Ia and
I(Ib) = Ib. Then,Ia is a partial mapping andIb is a total function, because
Ib(α) ∈ Me andIb(β) ∈ Mm.

If agentb tells agenta in Mm that b perceivesβ in Mm, agenta does not
believe inb, i.e.,

Ia(α) 6∈ Me; Ia(β) 6∈ Mm;
Mm, Ib |= Sb(β,Mm); Mm, Ia 6|= BaSb(β,Mm),

whereSb(β,Mm) means thatb can seeβ in Mm. Because agenta think it is
impossible to perceiveβ in Mm.

Hence, the statement thatb see the evening star in the morning is true inMm

for agentb, but false inMm for agenta.
To explain that even when the universes inPa,M andPb,M are equal, as a

structure,Pa,M may not be equal toPb,M , we use the following
Example 4.3. Let M be a structure consisting of a cubic objectx which

has one hole in three faces and no hole in other three faces. Assume that
three faces with one hole, sayx1, x2, x3, are perceived only by agenta; and
other three faces without hole, sayx4, x5, x6, are perceived only by agentb.
Hence, defaultly, agenta think that every face of the cube has one hold on it,
let h1, h2, ..., h6 be the holes onx1, x2, ..., x6 imaged by agenta; and agentb
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think that there is no hole on any face of the cube. Hence,

xa,M = xb,M ,xa,M ∈ Oa,xb,M ∈ Ob;
x1,a,M ,x2,a,M , ...,x6,a,M ∈ Oa; x1,b,M ,x2,b,M , ...,x6,b,M ∈ Ob;
x1,a,M ≡ x1,b,M ,x2,a,M ≡ x2,b,M , ...,x6,a,M ≡ x6,b,M ∈ L;
h1,a,M ,h2,a,M , ...,h6,a,M ∈ Oa, 6∈ Ob.

Let on(x, y) denote a relation symbol thatx is ony. Then,

on(h1,b,M ,x1,b,M ), ..., on(x6,b,M ,x6,b,M ) ∈ Ka;
on(h1,b,M ,x1,b,M ), ..., on(x6,b,M ,x6,b,M ) 6∈ Kb.

Notice that becauseh1,b,M 6∈ Ob, it is meaningless tob thaton(h1,b,M ,x1,b,M ).

5. Conclusions

According to the difference of ontologies and interpretations of different
agents, we can represent the agent’ epistemic states in a more natural way
which is similar to the way we perceive and revise our knowledge. The agents
are in environments and perceive some properties holding in the environments,
where the properties are interpreted by the agents under their own interpreta-
tions. Such a representation of epistemic states gives a natural way to describe
the belief revision. An agent realizes to revise its belief set when the agent
in some environment interprets its beliefs in an inconsistent way. Hence, the
agent may not revise its belief set once when its belief set is inconsistent with
the properties holding in a structure, as explained in the classical theory of
belief revision, because the inconsistence may not be perceivable to the agent.

Further works should include the axiom systems for interpretationsI and
Ia; the theory of belief revision based on interpretationsI and Ia; and the
applications to emotional agents and the representation of speech acts.
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