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Abstract—The capacity of a linear attenuating optical chan-
nel with the signal regenerated using quantum-limited phase-
sensitive amplifiers is analyzed for conventional and generalized
detection scenarios. The continuous model of distributed ampli-
fication determines the attainable capacity for long-haul links
under the total power constraint.

Index Terms—Optical fiber communication, optical amplifiers,
low-noise amplifiers, information rates, optical losses

I. INTRODUCTION

The development of quantum technologies provides a strong
driving force to improve the performance of photonic com-
ponents and devices [1]. While the principal motivation is to
reach performance levels that would enable new functionalities
with the flagship example of quantum key distribution [2],
these advances may greatly benefit also regular optical com-
munications. It is therefore vital to investigate how the avail-
ability of improved photonic components and devices would
affect the design and the modelling of optical networks and to
quantify the attainable enhancements. The complete analysis
needs to be based on the quantum theory of electromagnetic
radiation [3] which includes fundamental sources of quantum
noise that determine the ultimate performance limits of optical
communication systems [4].

Recent years have witnessed an impressive progress in the
technology of phase-sensitive amplifiers [5]–[7]. The favorable
noise figure of phase-sensitive amplification (PSA) makes it
a promising approach to increase the transmission rates in
long-haul optical communication systems. The purpose of this
contribution is to analyze theoretically the capacity limits of
a multispan point-to-point link with PSA regeneration taking
fully into account quantum mechanical fluctuations of the
propagating optical field [8]. It is shown that these fluctuations
introduce a fundamental noise penalty that causes a decline
in the capacity of the resulting communication channel even
for ideal quantum-limited PSA with a 0 dB noise figure. The
analysis is carried out under the total power constraint for the
propagating field and assumes one of two detection scenarios
at the channel output [4]: either a shot-noise-limited (SNL)
single-quadrature measurement, or the most general optimized
measurement strategy permitted by quantum mechanics. The
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efficiency of the latter is characterized by the Gordon-Holevo
capacity limit adapted to phase-sensitive Gaussian channels
[9], [10]. An approximate analytical solution is derived in the
continuous limit of distributed regeneration which facilitates
comparison with the phase-insensitive amplification (PIA)
scenario discussed previously [11].

II. CHANNEL MODEL

We start by presenting the theoretical model used in numeri-
cal simulations of a multispan optical communication link. Let
xI and xQ denote two conjugate I and Q quadratures of a
single mode of the electromagnetic field. It will be convenient
to decompose xI = xIS + xIN and xQ = xQS + xQN , where xIS
and xQS are the mean values that carry the modulated symbols,
while zero-mean variables xIN and xQN describe quantum
fluctuations. Units are chosen such that vacuum field fluctu-
ations correspond to the variance Var[xIN ] = Var[xQN ] = 1/2.
Formally, the variables xI and xQ defined above parameterize
the quantum mechanical Wigner function of the electromag-
netic field mode under consideration [8]. For Gaussian signal
modulation and Gaussian noise it is helpful to introduce the
signal power and the noise power in individual quadratures:

SI = Var[xIS ], N I = Var[xIN ],

SQ = Var[xQS ], NQ = Var[xQN ].
(1)

The Heisenberg uncertainty relation requires that N I ·NQ ≥
1/4. The total energy per mode expressed as the mean photon
number n̄ is given by

n̄ = (SI + SQ +N I +NQ)/2− 1/2. (2)

The negative −1/2 term is needed to subtract vacuum fluctu-
ations when converting the quadrature variance budget to the
optical energy carried by the mode.

Consider now a link shown in Fig. 1(a) in the form of
R + 1 attenuating spans with respective power transmissions
τi, i = 1, 2, . . . , R + 1 and the total length L. The signal is
regenerated using R phase-sensitive amplifiers with gains Gi.
For quantum-limited PSA the recursive relation for the optical
field parameters over the ith span followed by an amplifier
reads

SI
i = GiτiS

I
i−1, N I

i = Gi[τiN
I
i−1 + (1− τi)/2],

SQ
i = G−1

i τiS
Q
i−1, NQ

i = G−1
i [τiN

Q
i−1 + (1− τi)/2].

(3)
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where i = 0 denotes the channel input and i = R+1 specifies
the channel output. Equations (3) can be used also for the
last unamplified span by setting GR+1 = 1. Importantly,
the terms (1 − τi)/2 in the expressions for N I

i and NQ
i

stem from vacuum fluctuations that are added in the course
of propagation through an attenuating medium [8]. In the
following indices ‘in’ for i = 0 and ‘out’ for i = R + 1
will be used for clarity.

III. NUMERICAL OPTIMIZATION

The capacity of the link described above has been optimized
with respect to the locations li and gains Gi of the ampli-
fiers under the total power constraint, i.e., that at no point
along the link the right hand side of (2) exceeds the input
mean photon number n̄. Two communication scenarios have
been considered. In the conventional scenario, information is
encoded only in the I quadrature of ideal laser light with
N I

in = NQ
in = 1/2 at the input, and SNL detection of

that quadrature is implemented at the output. The capacity
is then given by the standard Shannon expression CPSA =
1
2 log2(1 + SI

out/N
I
out). The second, generalized scenario per-

mits an arbitrary distribution of the input power between the I
and Q quadratures at the input and allows using non-classical
squeezed states [8] for which either N I

in or NQ
in is reduced

below 1/2. Furthermore, the generalized scenario assumes
optimization over all measurements of the optical field at the
channel output that are permitted by quantum mechanics. In
such a case the capacity CGH is given by the Gordon-Holevo
(GH) formula extended to the case of phase-sensitive Gaussian
channels [9], [10] that need to be considered here.

The results of optimizing the channel capacity with PSA
regeneration for the input mean photon number n̄ = 100
are shown in Fig. 1(b). The standard 0.2 dB/km figure for
the attenuation has been taken to calculate transmission of
individual spans τi = exp[−α(li − li−1)]. It is seen that for
very short distances the generalized strategy offers advantage
which however virtually does not depend on the ability to re-
generate the signal. The observed advantage effectively stems
from using both field quadratures to transmit information over
a loss-only channel [4]. For longer distances PSA becomes
useful to boost the link capacity. In this regime the difference
between the capacities attainable in the conventional and in
the generalized scenarios becomes negligible. Overall, the
capacity is seen to decline with the distance despite assuming
ideal, quantum-limited PSA in (3). This effect can be attributed
to the amplification of vacuum fluctuations added in the course
of propagation through an attenuating medium.

IV. DISTRIBUTED AMPLIFICATION

The minimum decline rate for the channel capacity under
PSA can be found by considering densely spaced amplifiers
at equidistant locations li = i∆l. One can then approximate
τi ≈ 1 − α∆l, where α is the attenuation of the propagation
medium, and take Gi ≈ 1+γ(li)∆l. In the continuous limit of

distributed amplification ∆l→ 0 this gives a set of differential
equations

dSI

dl
= [γ(l)− α]SI ,

dN I

dl
= [γ(l)− α]N I + α/2,

dSQ

dl
= [−γ(l)− α]SQ,

dNQ

dl
= [−γ(l)− α]NQ + α/2.

(4)

In the conventional communication scenario, when only the
I quadrature is modulated one has SQ = 0 and can ap-
proximate NQ = 1/2. The simplified total power constraint
d(SI + N I)/dl = 0 yields the amplification factor equal to
γ = α[1 − (4n̄ + 1)−1]. It is seen that full compensation of
signal losses is not possible due to the buildup of excess noise
through amplification of vacuum fluctuations. The resulting
simplified solution for the I quadrature at the channel output
reads

SI(L) = 2n̄ exp

(
− αL

4n̄+ 1

)
,

N I(L) = 2n̄

[
1− exp

(
− αL

4n̄+ 1

)]
+

1

2
.

(5)

If the vacuum fluctuations level 1/2 can be neglected com-
pared to αL and n̄, the conventional-detection one-quadrature
capacity is well approximated by

CPSA =
1

2
log2

(
1 +

SI(L)

N I(L)

)
≈ −1

2
log2

(
1− exp

(
−αL

4n̄

))
. (6)

As seen in Fig. 1(c), the capacity calculated using the exact
solution of the set of differential equations (4) is matched well
by the approximate expression derived in (6). It is instructive
to compare this result with the case of phase-insensitive
amplification (PIA) analyzed in [11]. The dashed curves in
Fig. 1(c) represent the two-quadrature capacity CPIA under
conventional SNL coherent detection, which analogously to
(6) can be approximated by

CPIA ≈ − log2

(
1− exp

(
−αL
n̄

))
. (7)

It is seen that while for short distances the benefit of using
both quadratures to encode information prevails, PSA becomes
advantageous for long-haul links. A comparison of the approx-
imate expressions for CPSA and CPIA quantifies the advantage
as a four times lower decline rate of the capacity with the
distance. This effect can be attributed to the fact that whereas
the performance of a quantum-limited PSA link is degraded
only by amplification of vacuum fluctuations contributed by
the process of signal attenuation, PIA inevitably adds excess
noise to both field quadratures in the amount corresponding
to at least 3 dB noise figure.
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Fig. 1. (a) A multispan link with R + 1 segments with transmissions τi, i = 1, . . . , R + 1. The signal is regenerated using R phase-sensitive amplifiers
with gains Gi. (b) Channel capacity as a function of distance for n̄ = 100 input mean photon number optimized over the locations and gains of R phase-
sensitive amplifiers under the total power constraint. Solid lines depict the conventional SNL single-quadrature detection scenario, whereas dashed-dotted lines
correspond to the generalized scenario described by the Gordon-Holevo (GH) expression adapted to phase-sensitive Gaussian channels. The case of distributed
amplification is labeled as R =∞. The standard value of 0.2 dB/km for channel attenuation has been used. (c) Conventional-detection Shannon capacity as
a function of distance for distributed amplification and the input mean photon number n̄ = 50 (purple), 100 (red), and 200 (orange). The numerical solutions
of (4) describing the PSA scenario (solid lines) are compared with the approximation (6) (dotted lines) and the PIA regeneration scenario analyzed in [11]
(dashed lines).

V. CONCLUSIONS

The capacity of a multispan link with PSA regeneration
has been studied under the total power constraint taking fully
into account quantum mechanical fluctuations of the propa-
gating optical field. It has been found that for long-haul links
unconventional detection strategies described by the Gordon-
Holevo capacity expression do not offer a meaningful benefit
compared to conventional SNL single-quadrature detection.
A simplified analysis of the continuous limit of distributed
amplification indicates that the ultimate advantage of PSA
regeneration is four times slower decline rate of the capacity
with the distance compared to the PIA scenario.
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