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Abstract—We develop a framework for communication-control
co-design in a wireless networked control system with multiple ge-
ographically separated controllers and controlled systems. Each
controlled system consists of an actuator, plant, and sensor. The
locations of the controller-controlled system pairs are modeled
using a Poisson point process. Controllers periodically receive
system state estimates from their respective sensors and design
control inputs accordingly. The inputs are then communicated
to the corresponding actuators over a shared wireless channel,
leading to interference. Our co-design includes a control strategy
at the controller based on sensor measurements and transmission
acknowledgments from the actuators, utilizing a block ALOHA
protocol for channel access. First, we provide a statistical analysis
of the control performance. Then, we introduce a Thompson
sampling-based online learning algorithm to optimize channel
access via the ALOHA parameter. Finally, our numerical results
demonstrate the impact of the choice of the ALOHA parameter
on the control performance and the efficacy of the learning
algorithm in choosing the optimal ALOHA parameter.

Index Terms—Communication-control co-design, controllabil-
ity, Poisson point process, shared wireless channel, interference,
ALOHA protocol, Thomson sampling, stochastic geometry

I. INTRODUCTION

The rapid evolution of wireless networks and the rising de-
mand for new applications, such as remote surgery in advanced
medical systems, robotics in industrial automation, intelligent
buildings, and autonomous driving in future transportation
systems [1], [2], demand a shift towards real-time control
systems based on wireless channels. These networked control
systems comprise multiple controllers, sensors, actuators, and
plants connected through a shared communication medium.
Using shared network resources instead of dedicated resources
introduces new design challenges due to the simultaneous
design of controller-plant communication protocols and con-
trol input design. The critical issues that affect the control
performance in a networked control system include unreli-
able communication links [3], transmission delays [4], time
synchronization issues [5], and network access constraints
and conflicts [6]. This paper investigates the communication-
control design of a large-scale wireless networked control
system where the interference from co-channel transmissions
of different controllers degrades the control performance.

Prior research has mainly focused on networked control
systems with a single controller and plant with one or more
actuators and sensors communicating over wireless links. De-
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signing optimal wireless networked control systems requires
integrating control and communication theories. Current liter-
ature discusses two principal approaches to designing these
systems: independent control-communication design [7]-[9]
and control-communication co-design [10]-[15]. The indepen-
dent design approach separates the system into distinct control
and communication components, designing each separately.
In contrast, the co-design approach integrates communication
and control systems, capturing their interactions to enhance
overall performance. This integrated approach, which is also
our focus, is expected to yield significantly improved sys-
tem performance compared to independent design methods,
making it more suitable for real-time control applications in
wireless networks [11].

Furthermore, existing studies have explored several aspects
of co-design problems. For example, [10] investigated the use
of communication imperfections to stabilize control systems
and enhance network security. Further, [16] addressed commu-
nication and control co-design under limited communication
resources to maintain system reachability and observability
when only subsets of sensors and actuators can communicate
with the controller at a time. Another model is co-design in
cloud-controlled automated guided vehicle systems, assum-
ing lossless sensor-to-controller channels but facing potential
packet loss in controller-to-actuator channels [11]. [12] investi-
gated the stability robustness of the overall system in scenarios
where state information is missing from sensor to controller.
[13] considered an online optimization approach for control
and communication co-design where packet losses may occur
both from the sensor to the controller and from the controller
to the actuator. [14] investigated the joint scheduling and
power allocation problem for various sensor-controller pairs
or controller-actuator pairs over a shared wireless channel.
Gaussian process regression was utilized to predict missing
sensor states or actions when access to the shared channel
is unavailable. The age-of-information metric was employed
to assess the credibility of these predictions. The age-of-
information metric was also utilized in [15] to characterize
information freshness, aiming to minimize control cost and
communication energy consumption.

In short, most co-design methods focus on two types of
constrained optimization problems. One type addresses the
control system’s objective function with communication re-



quirements as constraints, while the other focuses on de-
signing communication protocols and parameters to achieve
specific control performance goals. In control optimization
problems, the objective is typically to minimize control costs
or optimize control performance metrics (e.g., stabilization
and tracking error), while considering constraints like time
delay, bandwidth, packet loss probability, number of com-
munication channels and sampling period [17]-[20]. In com-
munication optimization problems, the researchers attempt
to optimize the communication performance or minimize
the communication cost (e.g., minimize energy consumption,
transmission time, or maximizing spectral efficiency), subject
to constraints like sampling period, time delay, bandwidth,
packet loss probability, and Lyapunov control constraints [18],
[21], [22]. While several efforts have been made for joint
communication-control designs, large-scale wireless control
systems with multiple interfering controllers have not been
well-studied in the literature. This paper addresses this issue
with a communication-control co-design approach by consid-
ering such interfering signals from the randomized locations
of control and actuator pairs.

The co-design approach requires an accurate character-
ization of the interference experienced by the controllers.
Stochastic geometry offers an attractive set of tools and
techniques to study the impact of different network geometries
on the resultant interference. In this work, we employ a homo-
geneous Poisson point process (PPP) to model the locations
of different controllers. The main contributions of this work
are as follows.

o Communication-control co-design: For the controlled
system, we present a communication-control design with
a wireless channel acknowledgment-based control input
design and a block ALOHA protocol to ensure that
the system state is driven to the desired state. Based
on the design, we introduce a notion of controllability,
called block controllability, that depends on the number of
consecutive successful transmissions from the controller
to the actuator, referred to as the burst length.

o Statistical analysis: For the typical controller-controlled
system pair in the network, we derive the conditional
success probability of a transmission, given a realization
of the point process. Additionally, we analyze the condi-
tional distribution Fg,, of the burst length given a real-
ization of the point process. The meta-distribution of the
burst length characterizes the fraction of the controller-
controlled system pairs in the network, achieving block
controllability. Since deriving the exact meta distribution
is challenging, we characterize the system’s performance
based on the first moment of F,, weighted by the
channel access probability.

o Learning-based channel access: We present a Thomp-
son Sampling (TS) based algorithm for the sequential
selection of the ALOHA parameters in successive blocks
in a centralized manner. We demonstrate how our sta-
tistical framework effectively supports the TS algorithm.

T e

Shared link

to actuator v

(«A)) =3
/ %O
—---/'| controller

0 -

To

Controlled System|

‘\ Dedicated Yecdbaclg'
Hink from sensors

o 4

Typical Pair Random Link Distances

| o /
i jo
¢
@
@ Interfering Controllers ()

® @ Typical Controller (~70,0)
@ Typical controlled system (0.0)

Fig. 1. Illustration of the Poisson network of controller-controlled
system pairs. Here, the actuators receive the control input from the
corresponding controller via a shared link, whereas the sensors send
their observations to the controller via a dedicated link.

Our study highlights that online learning of the optimal
ALOHA parameter can enhance the control performance
of the network.

Overall, our research establishes new synergies among net-
worked control systems, stochastic geometry, and learning-
based channel access strategies, offering valuable insights from
both theoretical and algorithmic perspectives.

II. NETWORKED CONTROL SYSTEM MODEL

Consider a large network comprising multiple processes and
systems, each with its own independent control mechanisms.
Each system in the network is represented by a controller-
controlled system pair, where the controlled system consists
of an actuator, plant, and sensor. We model our network
using a Poisson bipolar point process consisting of controller-
controlled system pairs in the two-dimensional Euclidean
plane R2 [23]. The locations of the controllers are modeled as
a homogeneous PPP & of intensity A. The controller-controlled
system pairs are indexed as ¢ = 0,1,2,.... Without loss of
generality, we assume a typical controlled system at the origin,
and the typical controller is at a distance of 7y away from the
origin. We note that Slivnyak’s theorem [24] guarantees that
the process ® conditioned on the location of the typical pair is
a PPP has the same statistics as ®. The controller-controlled
system pair index ¢ = 0 refers to the typical pair. Further, r;
denotes the distance between the ith controller and the typical
controlled system.

The controller periodically receives the system state from
the sensor through a reliable dedicated channel. Based on this
system state, it computes the control inputs and communi-
cates them to the actuator via a shared wireless link. Since
all controller-actuator pairs utilize the same communication
resources (time and frequency), interference can occur, re-
sulting in control performance degradation. Our objective is
to design a probabilistic channel access protocol that learns
and optimizes the control performance of the system. In the
following subsections, we present the various components of
our system model.
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A. Controller-Controlled System Model

Each controlled system in the network is modeled using a
discrete-time linear dynamical system. Specifically, the typical
controlled system is given by

z(t+1) = Ax(t) + Bu(t) + v(t). (1)

Here, x(t) € R™ is the state of the typical controlled system in
the network at discrete time ¢ and w(t) € R™ and v(t) € R"
are its input and process noise, respectively, at time ¢ € N.
Also, A € R™*™ and B € R™*™ denote the state and input
matrices of the system. The system aims to drive and retain
the system state at a desired state 4.5 With a suitable choice
of control inputs w(t).

We assume the actuator computing capabilities are limited,
with all computations being offloaded to the controller. For
this, the sensors observe the system state x(¢) periodically at
time ¢t = kT for k € N, where the block length T is the delay
between two consecutive observations. Here, k is referred to
as the block index, and the controller gets the state estimate
at the beginning of each block. For simplicity, we assume that
the state (¢) is communicated to the controller via a reliable
link with dedicated resources, ensuring perfect system state
knowledge at the controller at time k7" for k € N.

As the controller receives the state x(kT') at time kT, it
estimates the control inputs needed to drive the system to the
desired state & 40s. These inputs are sequentially communicated
to the actuator via a shared link. The controller transmissions
are synchronized with the controlled system evolution in
(1). Therefore, the discrete-time index t also denotes the
transmission slot index.

Due to noise and interference from the other transmitting
controllers, the controlled system may not always correctly
decode the received signal, leading to an unsuccessful trans-
mission. The success of the transmission depends on the
wireless channel, modeled next.

B. Propagation Characteristics and Transmission Success

Each wireless link experiences fast fading, assumed to be
Rayleigh distributed with parameter 1. The fast fading is
independent across time and spatially independent across all
links. Also, p and « denote the path-loss constant and the path-
loss exponent of the channel, respectively [25]. We denote the
channel noise power as Ny and the transmit power as P.

The decision of whether a specific controller transmits in a
particular time slot ¢ depends on the channel access protocol.
Let the channel access state C;(t) € {0,1} be the indicator
variable representing whether the ith controller transmits at
time ¢, for ¢ =0, 1,.... Here, ¢ = 0 refers to the index of the
typical controller. Given that the typical controller transmits,
the signal to interference plus noise ratio (SINR) at the typical
actuator is

€(t) = Pplho(t)]?rg ®
No+ Y i Ci(t)Pplhi(t)2r;

where h;(t) is the channel fading between the ith controller
and the typical actuator.

2)

If the SINR at time ¢ exceeds a threshold v > 0 (depending
on the application and the receiver hardware), the actuator
correctly decodes the received signal, thereby implying a
successful transmission. The successful transmission by the
typical controller at time ¢ is indicated by S(t) € {0,1}, i.e.,

1, if Co(t)&(t) >~

S(t) = {0

Also, the controller receives an acknowledgment of transmis-
sion S(¢) from the actuator. The controller uses S(t) to design
the control inputs and its data transmission, as discussed next.

3)

otherwise.

III. COMMUNICATION-CONTROL CODESIGN

The co-design consists of two components: a control input
design based on periodic sensor measurements and transmis-
sion acknowledgements, and a random access data transmis-
sion scheme that operates independently of other sensors and
without scheduling by a central unit.

A. Control Input Design

The control input design at the controller is based on its
estimate &(t) of the system state x. Since the noise term v(t)
is unknown at the controller, from (1), this estimate is

t—1
&(t) = A x(kT) + Y A"7'S(r)Bu(r), &)
T=kT

The controller designs v control inputs {u(t + 7),7 =

0,1,...,v — 1} such that @4 = &(t + v), i.e.,
v—1
Taes = A"E(t) + > AT Bu(t + 7). (5)
=0

However, we note that for any given states xqes and &(t), the
above equation has a solution if v exceeds the controllability
index of the linear dynamical system in (1). Furthermore, the
controllability index is further upper-bounded by the degree
of the minimum polynomial of A [26]. So, at time ¢ = kT,
we choose v as the degree of the minimum polynomial of
A. With this choice, the controller solves (5) using the least
squares solution to obtain

[w®)T wt+DT. . ut+v—1)T]"
= UI(0) [Baes — A"E()], (6)
with ¢t = kT, and for any L > 0, we define
¥(L)=[A"'B A'?B ... B]. (7)

If the transmission of w(kT) is successful, i.e., S(kT) = 1,
it continues to transmit the next control inputs w(kT +
1),u(kT + 2),...,w(kT + 1) until either S(kT +1) = 0
orl =v—11If S(kT +1) = 0 for some | < v, the
controller recomputes the next set of v inputs using (6) with
t = kT + 1+ 1 and repeats the above steps. If S(kT' +1) =1
for ] = 0,1,...,v — 1, all the v control inputs designed by
the controller have reached the actuator.
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Once all the v control inputs are applied, the state estimate
at the controller is x4es. Then, the next set of inputs required
to retain the system state at the desired state x4es can be
computed as

[w®)T w(t+1)7 .. w(t+ vgay — D]

= ‘I’T(Ustay) [I — Av] Tdes, (8)

where g,y is the smallest number of control inputs required
to make the system state stay at €qes and ¥(-) is given by (7).
However, we note that the above set of v,y control inputs in
(8) is independent of the system state and can be computed
offline. Consequently, the control inputs given by (8) can be
pre-calculated and stored at the actuator. Once the actuator
receives v consecutive control inputs from the controller, it
can repeatedly use the inputs from (8) without any additional
computations till the end of the block where the sensor sends
the state information to the controller at time (k + 1)7.

B. Block ALOHA Protocol and Channel Access Optimization

Under the above Poisson network model, we aim to opti-
mize channel access policy based on actuator acknowledgment
S(t) in (3) to maximize its probability of successfully steering
its state estimate in (4) to the desired state xq.s. Here, the
controller can drive its state estimate to the desired state & qcs
only if v consecutive transmission from the controller to the
actuator is successful. This notation of control performance is
captured by the random event defined below.

Definition 1. Consider the typical system (A, B) with v being
the degree of the minimum polynomial of A. The system
is said to block controllable in a given block k if there is
a run of at least v ones in the sequence S(kT),S(kT +
1),...,8((k+ 1)T — 1), where S(t) € {0,1} given by (3)
denotes the success of transmission from the typical controller
to the typical actuator at time t.

We use a modified version of the ALOHA protocol, called
block ALOHA, for the controller channel access. In block
ALOHA channel access protocol, each controller is either
active or idle during an entire block k£ with a probability
q € P selected from a finite set of D access probabilities
P = {p1,p2,-.-,pp} [27]. The channel access probability ¢
is called the block ALOHA parameter. Therefore, the channel
access state C;(t) for i = 0,1, ... is the same for all values
of t=kT,kT +1,...,(k+1)T — 1 within a given block k.

Under this protocol, controllers continues to transmit even
after v successful transmissions. Following these v trans-
missions, the controller sends dummy data to the actuator.
The actuator then uses the pre-calculated control input as
specified by (8) instead of the transmitted signals. Nonetheless,
the actuator continues to send acknowledgments S(¢) upon
successfully receiving data from the controller. This feedback
helps the controller learn its channel conditions and adjust the
block ALOHA parameter accordingly. In short, in every block
k, the controller decides to transmit with probability g. If the

controller decides to transmit, it follows that above control
design and data transmission, summarized in Algorithm 1.

Algorithm 1 Control Design and Data Transmission of Typical
Controller
1: Parameters: Block &, system matrices A, B, desired state
Ldes
. Initialization: Time ¢ = k7', Burst length L =0
: Define v = the degree of the minimum polynomial of A
: Receive &(kT) = x(kT') from the sensor
cfor t =EkT, kT +1,...,(k+1)T—1 do
// if the last tx fails, redesign inputs
if L = 0 then
Compute u(t),u(t +1),...,u(t+v—1) via (6)
// if block controllable, transmit dummy data
else if L = v then
9: Set u(t) =1
10: end if
11: Transmit u(t) and receive S(t)
// if the tx fails, set burst length =0
12: if S(t) =0 then

w AW N

13: Set L =0
// if the tx succeeds, update burst length
14: else
15: Update L + max{L + 1,v}
16: end if
17: end for

Next, we aim to optimally choose block ALOHA parameter
g € P of the typical controller to maximize the num-
ber of blocks in which the typical control system is block
controllable. Here, the typical controller is unaware of the
spatial configuration (density and locations) of the interfering
controller-controlled system pairs in the network, as well
as their transmission states. However, the controller receives
acknowledgment S(¢) from the actuator, which it uses to
adapt its channel access strategy. In the following section, we
discuss the statistical analysis of control performance via block
controllability.

IV. STATISTICAL ANALYSIS OF CONTROL PERFORMANCE

From Definition 1, block controllability requires at least v
consecutive successful transmission in block k. We refer to the
length of a run of consecutive successful transmission as the
burst length L of at least v. To optimize the block ALOHA
parameter ¢, we define and characterize the spatiotemporal
statistics of the burst length. We begin by deriving the proba-
bility of a successful transmission at a given time ¢ when the
typical pair transmits.

Proposition 1. Consider a network following a given PPP ®,
whose ith controller is at a distance of r; from the typical
actuator, and C; indicates whether or not it transmits in a
given block k of T slots. Given that the typical controller
transmits in block k, the conditional success probability P
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of the typical controller at a given time t within the block is
given by

__2aNo
_ Ppry
P, =c 0

ro*
T — ©))
Y )
iew: c=1 70 T
where the parameters P, p, Ny and o are defined in (2) and
v is the SINR threshold for successful transmission in (3).

Proof: See Appendix A. ]

We note that conditioned on ®, the above success event is

independent across the time slots when the typical controller

transmits. Also, the probability Py changes across blocks as

C; changes. The next important aspect is to characterize the

burst length L and compute the probability that it exceeds the
desired length v.

Remark 1. Leveraging de Moivre’s solution [28, Section
22.6], for a given block k, the conditional complemen-
tary cumulative distribution function (CCDF) Fp, (v) =
P(L > v | ®) of burst length L as a function of Py is

T+1
B=anl

_ T-lv+1
Fr )= 3 (-0 (R T2 0 p))
1=1 !
T
x (z ll”)PSl”u — P)L (10)
With v = v in (10), we derive the probability of block
controllability as given below.

Proposition 2. Consider a network following a given PPP ®
described in Proposition 1. Given that the typical controller
transmits in block k, the probability that the system is block
controllable is Fg,, (v), where Fp,, (-) is defined in (10).

The above result establishes the probability of block con-
trollability for a given realization of PPP ¢ with a given
value of C; for the controllers. Next, we look at the control
performance averaged over the network realization using the
moments of conditional success probability.

Theorem 1. Consider a network following a given PPP &
with density A\ and block ALOHA parameter q. Given that
the typical controller transmits, the probability Py of block
controllability for the typical pair is

T+1
(Rrmand

Py =E [Fpy, (v)] = Z (-1 (1; : llv)

=1

X (li (l ; 1) (—D (v +1+20)

£=0

l
T—-lv+1 l ’
+— > <£> (=1)*¢(lv +£)). (11)
£=0
Here, with the parameters P,p, Ny and « in (2), v is the
SINR threshold for successful transmission in (3), we define

_ _aNgl

C()=e P70 exp (2mAql}),

12)

with the function I; given as

1 ‘
l e —yzTe
=y () () e o
Proof: See Appendix B. [ ]

Further, we can define the meta-distribution of the burst
length L as the distribution of Fz, (v), i.e.,

Mg (v, B) = ]P)(FBRL(U) 2 /8)’

where Fp,, (v) = P(L > v | ®) is the conditional CCDF of
L as defined in (10). In other words, M (v, ) represents the
fraction of control systems in the network that experience a
burst length of at least v in a sequence of 7' transmissions in
at least 3 fraction of the network realization (or equivalently,
due to ergodicity, in at least [ fraction of transmissions
episodes). Unlike the meta-distribution of the SINR in wireless
networks, we observe that the meta-distribution of the burst
length is challenging to derive even indirectly via its moments.
However, if all the controllers have the same desired burst
length v, the first moment of the distribution is given by
E [Fpg, (v)] in Theorem 1.

To summarize, this section studied the statistical properties
of the block controllability of our networked control system.
The analysis focused on the probability of block controlla-
bility, assuming that the typical controller transmits in the
block of interest. Also, the probability of block controllability
without conditioning on the transmission of typical control is
given by Pk, accounting for the block ALOHA parameter’s
impact on the controlled system’s performance.

Moreover, for a given network realization, the optimum
value of the block ALOHA parameter depends on the locations
of the controllers. It is impractical to have global knowledge of
the concurrent active devices in the network at each controller.
Therefore, the controllers can only learn the optimum value
of the block ALOHA parameter through the acknowledgments
sent by the actuators. In the next section, we discuss a
TS-based learning algorithm to optimize the block ALOHA
parameter selection.

V. THOMPSON SAMPLING-BASED BLOCK ALOHA
PARAMETER SELECTION

In this section, we present a simple centralized optimal
channel access learning policy based on the derived frame-
work in the previous section. This reinforces the efficacy of
statistical analysis in developing such online algorithms.

We consider that a central decision-maker that broadcasts
the block parameter ¢(k) € P to all the controllers in the
network at the beginning of the block k. Then, the individual
controllers set their channel access states C; probabilistically
based on this parameter. The central decision-maker receives
the T acknowledgments for each transmitting (active) con-
troller and uses them to update the channel access probability.
The goal of the decision-maker is to sequentially select chan-
nel access probabilities ¢(1),¢(2),...,q(K) to maximize the
probability of block controllability of the typical pair.
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A. Multiarm Bandit Formulation

We formulate the decision-maker’s task of sequentially
selecting channel access probabilities across blocks as a multi-
armed bandit (MAB) problem. Here, the set of D access prob-
abilities P := {p1,p2,...,pp} represents the arms or actions.
We observe the corresponding block controllability for every
choice of arm, and the probability of block controllability can
be learned over different blocks.

To complete the MAB formulation, we also need to define
the notion of reward, which should capture the block control-
lability. One naive approach for reward design is to assign
reward one if the typical pair is block controllable and zero
otherwise. However, we know that the block controllability
increases with Py in Proposition 1. Also, given ¢ and ¢(k),
the rewards are independent and identically distributed across
the slots. Therefore, the reward can be formulated based
on the number of successful transmissions within a block.
Consequently, an alternative reward formulation can set the
reward to one if the transmission is successful, i.e., S(¢) =1
and zero otherwise. This formulation rewards the channel
access probabilities that result in a higher likelihood that the
typical controller will experience a successful burst in the
subsequent blocks. Since we have more rewards per block, this
reward design leads to faster learning than the naive scheme.

We aim to maximize the sum of collected rewards, maxi-
mizing the “controllable” blocks. Over a horizon of K blocks,
the control performance in terms of the regret is defined
as the evolution of the number of selections of the sub-
optimal block ALOHA parameter. In contrast to the typical
bandit frameworks, we have an additional layer of assessment,
wherein the expected value of the regret is obtained not only
by averaging over the sample paths of the policy x, but also
over the network realizations ®. Mathematically,

K
R(K) =Eya lz 1 (q(k) # q*)] :
k=1

where ¢* is the optimum block ALOHA parameter. For this,
we study a Bayesian approach for the MAB problem, based
on TS, as presented next.

B. TS-based Learning

In the TS framework, the decision-maker chooses the block
ALOHA parameter based on its belief for the expected reward
with each access probability in P. Specifically, the decision-
maker starts with a prior probability 6; of obtaining a reward
of one when the block ALOHA parameter p; € P is chosen,
and a reward of zero with probability 1—6; [29]. Each 6, is an
action’s success probability or mean reward. In the Bayesian
model, #; is modeled as a Beta distribution (conjugate prior
for the Bernoulli rewards) with parameters a; and b;. For
a selected block ALOHA parameter g(k) = p; in a block
k, if the typical controller is active, it experiences a reward
of S(t) for a given t in the block k. Based on this reward,
the posterior distribution of the chosen access probability p;
is updated using the Bayes’rule [29]. The Bernoulli rewards

0.6 0.8
Channel access probability, ¢

Fig. 2. First moment (mean) of the conditional CCDF of the burst
length weighted by the probability that the controller accesses the
channel in at least one block. Please refer to Theorem 1 for details.

facilitate a simple update rule: the parameter a; is incremented
by 1 if S(t) = 1, while the parameter b; is decreased by
one if S(t) = 0. Nonetheless, the block ALOHA parameter
does not change until the next block begins. Therefore, we
can do a batch update of the parameters at the end of a
block. Particularly, at the end of block k, the parameter a;

is incremented by Zik::(rlr) =1 5(t), while the parameter b; is
incremented by 1" — ti'ng) =1g (t). Since the typical pair

is randomly selected from the distribution of the pairs in the
network, the central transmitter can either randomize the pair’s
selection for observation or consider the average successes
across all the pairs in the network. The overall algorithm is
summarized in Algorithm 2.

Algorithm 2 TS for Block ALOHA Parameter Selection

1: Parameters: Beta distribution parameters {(a;,b;}7.,

2: Initialization: a; = b; = 1,Vj € {1,2,... D}

3: for k=0,1,2,...,K do

4: Sample 6; ~ B(a;,b;)Vj € {1,2,...D}

5: Select probability ¢(k) = ps, where J = arg max; 6;

6: Observe acknowledgments S(kT + 1) for 7 =
0,1,....,T—1

7: Update ay « ay+ Y1) S(kT +7)

8:  Update by < by +T — I} S(KT + 7).

9: end for

VI. NUMERICAL RESULTS AND DISCUSSION

In this section, we present some numerical results to high-
light the salient features of our analysis. Unless otherwise
stated, we assume a transmit power of P = 24 dBm, a path-
loss exponent of o = 2 considering line-of-sight propagation.
The carrier frequency is assumed to be 3.2 GHz with an
operating bandwidth of 200 MHz. The distance between the
typical controller-controlled system pair is set as 10 m.

The impact of the block ALOHA parameter on the prob-
ability of block controllability is studied in Fig. 2. Here, we
plot the expected value of the conditional CCDF of the burst
length multiplied by the probability that the typical controller

101



1 4500

4000

3500

3000

2500

2000

1500

Number of pulls in 5000 blocks

1000

500

0
01 03 05 07 09
Channel access probability, ¢

02 04 06 08 1
Channel access probability, ¢

Fig. 3. Comparison of the joint probability of channel access and
successful burst of length v = 5 in a block length of 7" = 20 and
the relative selection of the candidate channel access probabilities by
the TS framework in 5000 blocks.

is allowed to transmit in at least one block. For lower values
of channel access probabilities, the typical controller has a
lower probability of channel access, and hence the effective
value of weighted Pyix = E [Fi,, (v)] is low, even though
the transmissions experience lower interference. As the value
of ¢ increases, the effective weighted Py = E [FBRL (v)]
increases since the controller accesses the channel with a
higher probability. However, further increasing ¢ deteriorates
the performance after a threshold of access probability. Indeed,
for a high ¢, although the typical controller accesses the
channel more frequently, each time it transmits, it experiences
a higher interference from the system, leading to a degradation
of the success probability and the likelihood that it experiences
a successful burst.

In our centralized TS-based learning of optimal access
probability, the access probability for a block is determined
based on the sequence of action-reward pairs for the previous
blocks. In Fig. 3, we show the variation of the effective success
probability (i.e., the weighted Py = E [Fp,, (v)]) for one
such scenario. We consider the action set to be a discrete one
consisting of D = 10 probabilities (arms) {0.1,0.2,...,1}.
From the statistical framework, note that the optimal block
ALOHA parameter for this case is 0.3. We observe that the TS
algorithm efficiently learns this parameter relatively quickly.
In particular, in 5000 blocks, the system selects the optimum
block ALOHA parameter in more than 4500 blocks.

Finally, we show the evolution of the regret, defined as
the number of selections (pulls) of the sub-optimal ALOHA
parameters for 10 blocks in Fig. 4. For lower densities, we
observe that the system suffers a lower regret than higher
densities. A higher intensity of interfering controllers may
degrade the learning performance. Nonetheless, we note that
the regret in either case evolves sub-linearly, demonstrating
the algorithm’s efficacy.

VII. CONCLUSION

We presented a control design and communication protocol
for Poisson networked control systems. Using stochastic ge-
ometry, we analyzed interference impacts on network control
performance, finding that dense networks with simultaneous
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Fig. 4. Expected regret expressed in the number of selections of the
sub-optimal access probability as a function of the slot index.

channel access by all controllers degrade performance. To
mitigate this, we introduced a block ALOHA protocol for
the channel access. We studied how the ALOHA parameter
influences the probability of successful control input bursts
and identified an optimal block ALOHA parameter based
on system parameters, such as controller density. Further,
we developed a TS algorithm to sequentially optimize this
parameter, showing sub-linear regret in finding the optimal
parameter. Future work includes theoretically characterizing
regret of TS across different network realizations, and analyz-
ing decentralized ALOHA parameter selection.

APPENDIX A
PROOF OF PROPOSITION 1

Given the distances r;’s and using (2), the success proba-
bility Ps = P(£(t) > ) is given by

1No + Yo Pp|hi<t>|2r,»“ci1>

P, =P <|h0(t)2>

Pory
__2No _ —a
@ TP R |exp (Wm@)ﬁ@)
To
b) _ ’YNSQ —")/Tfa
O ¢ L o (- imoPei ).
icd "o

where Step (a) is because |hg(t)|? is exponential distributed.
Step (b) follows as h;(t)’s are independent across different
values of 7. Finally, the desired result follows from the Laplace
transform of the exponentially distributed |h;(t)|?. [ |

APPENDIX B
PROOF OF THEOREM 1

From (10), the expected value of Fz,, (v) is given by

T+1
Bl

E (P )] = 3 (-0 (7))
=1
T—-lv+1

x E [Psl”“(l - P) T —

Pr-py].
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Using the Binomial expansion (1—P,)' = Y,_, (1) (~1)*FL,
we arrive at

T+1
Lot

(Fon ] = 3 0 (5 2))
=1
-1

(v pe

£=0

l
P () e ]

£=0

(14)

Finally, using the moments of the conditional success proba-
bility as follows:

_ _No oo l
E[P;] =e P E (_ao_a>
g} rg S+,
Here, we note that transmitting controllers follow a homoge-
neous PPP of intensity Ag. So, using the probability generating
functional of the PPP [30], we obtain

EHJOQl

o0 — l
0 ro  tZ

o) —a l
exp —27r)\q/ 1- (1 - _JZ> dz
0 Ty +yzTe

Further, from the binomial expansion

!
l
1—y)l—-1= —y)* 1
(1-y) Z@( v)", (15)
=1
with y = %, we get ((I) = E [P!]. The desired result
is obtainedoby substituting this relation in (14). ]
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