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Abstract—This work considers a problem of integrated sensing
and communication (ISAC) from an information-theoretic per-
spective, in which the goal of sensing is to detect a binary state.
We assume a broadcast channel that consists of a transmitter,
a communication receiver, and a binary detector where the
detector’s channel is affected by an unknown binary state.
Unlike most approaches where the detection error probability
is considered, in our work, we analyze and disaggregate the
error probability into more detailed components, false alarm
and missed detection error exponents. We fully characterize
the optimal three-way tradeoff between the coding rate for
communication and the two possibly nonidentical error exponents
for sensing in the asymptotic regime. The achievability and
converse proofs rely on the analysis of the cumulant-generating
function of the log-likelihood ratio. We also provide numerical
evaluations of our results for binary and Gaussian channels.

Index Terms—Integrated sensing and communication, binary
hypothesis testing, Hoeffding’s problem, constant composition
codes, cumulant-generating functions

I. INTRODUCTION

The rapid evolution of wireless communication technologies
has created an unprecedented demand for higher data through-
put. To meet this need, future wireless communication systems
are expected to utilize higher frequencies, such as millimeter
waves, which also allow the transmitted signal to be used for
radar due to their high resolution. In this context, integrated
sensing and communication (ISAC) technology is predicted
to be one of the key features of the sixth generation (6G)
communication networks, seamlessly merging communication
and sensing functionalities into a unified system [1], [2].
Unlike previous generations that treated these aspects sepa-
rately, ISAC enables networks to simultaneously transmit data
and sense the environment, enhancing situational awareness
and resource efficiency [3], [4]. This convergence supports
advanced applications like autonomous driving, surveillance,
and smart cities.

A key aspect of ISAC from a signal design perspective
is that a single transmitted signal must function both as an
active sensing signal and a data-bearing signal. These possibly
conflicting roles create a new tradeoff between data rate and
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sensing performance. For example, reference [5] characterized
a tradeoff between data rate and the error exponent of sens-
ing errors for a binary multiplicative state, which was later
extended to a general binary state [6] and to multiple states
[7]. This body of literature indeed focuses on detection errors
for the most indistinguishable state, i.e., the worst-case error,
leading to a minimax or equalizer design of ISAC. However,
detection errors often need to be considered in more detail,
as they encompass false alarms and missed detections, which
should be treated unequally. For instance, consider a motivat-
ing scenario where an autonomous vehicle communicates with
a roadside infrastructure while also detects pedestrians in its
path by shared transmitted signals to ensure safe navigation.
In this case, there are two types of detection errors [8], [9]:
false alarm (also called type I or false positive error), which
occur when the system alerts the presence of a pedestrian
when there is none, and missed detection (also called type
II or false negative error), which occur when the system fails
to alert even though pedestrians are present. Clearly, the cost
of a missed detection is significantly higher than that of a
false alarm. A missed detection could lead to catastrophic
consequences whereas a false alarm may only result in a
slight reduction in efficiency or unnecessary caution. Despite
the critical importance of this issue, the problem of unequal
error protection has been only partially studied in the ISAC
literature [6]. Addressing this gap is essential for the reliable
deployment of ISAC systems in safety-critical applications.

This work explores the problem of the above unequal error
protection in ISAC from an information-theoretic perspective.
In particular, our main goal of this work is to fully characterize
the three-way tradeoff between communication rate, false
alarm, and missed detection error exponents in the asymptotic
regime.

Information-theoretic approaches on dual-functional signal
design for both data transmission and sensing were initially
explored in [10]–[12], in the context of “state amplification.”
Here, the channel state varies in an independent and identically
distributed (i.i.d.) manner and is assumed to be known to
the encoder. In this framework, the encoder embeds the
state information into the transmitted codewords, enabling
the receiver to perform simultaneous data decoding and state
estimation. Subsequently, [13] considered a scenario where
the state information is unavailable at the encoder and showed
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the tradeoff between communication and sensing. In recent
monostatic ISAC systems in which transmitters aim to detect
the state from backscattered signals, adaptive signaling can
be utilized, e.g., [14]. In the above studies, two features of
channel capacity for data transmission and rate distortion for
state detection arise together due to the i.i.d. variation of states,
and hence, the performance is characterized by the capacity-
distortion function.

Unlike the above, our work is motivated by physical changes
in the sensing environment that occur much slower than the
time scale of communication. We assume that an unknown
state remains fixed throughout the communication, such as
an obstacle disrupting the sensing path. In this context, a
relevant work to our setting is [5], which focuses on a binary
multiplicative state; for example, if there is a full blockage of
the sensing channel, the detector receives only noise regardless
of the transmitted signal. Another relevant work [7] extends
it to multiple states. This later work is more general as the
sensing channel is not necessarily multiplicative and includes
adaptive transmission for monostatic ISAC systems. For these
two works, the sensing performance is measured by the error
exponent of the total error probability, which is in turn domi-
nated by the worst state-conditional error exponent. Formally,
let xn denote the transmitted codeword of length n and define
the set of states by S. Then, the probability of sensing error
is indeed dominated by

P
(n)
sensing = max

s∈S
max
xn

P[Ŝ ̸= s|Xn = xn, S = s].

Hence, the goal in [5], [7] is to identify a minimax sensing rule
for ISAC and evaluate the rate-exponent region when n → ∞.
Lastly, reference [6, Sec. V] investigates the rate-exponent
region using the Neyman-Pearson formulation, where the
exponent Eα is for the probability of missed detection while
keeping the probability of false alarm below α ∈ (0, 1). In
other words,

Eα = lim
n→∞

− 1

n
logmax

xn
min
Ŝ

P[Ŝ = 0|Xn = xn, S = 1],

where the minimum is over all detection rules such that the
probability of false alarm is less than α,

P[Ŝ = 1|Xn = xn, S = 0] ≤ α.

To the best of our knowledge, this is the first study to consider
unequal error protection in the context of ISAC. However,
since the false alarm constraint is always met by any nontrivial
detection rule as long as n → ∞, the resulting Eα is indeed
independent of α; there is no nontrivial tradeoff between α and
Eα. In contrast, our work focuses on the nontrivial tradeoff
between the two exponents for the probabilities of false alarm
and missed detection, respectively, as well as the data rate.

In stand-alone classic binary hypothesis testing problems
with i.i.d. sensing observations, the optimal tradeoff between
the two exponents for the probabilities of false alarm and
missed detection is characterized by Hoeffding [15]. It can be
also thought of as a generalization of Neyman-Pearson setting.
Our work extends this result to the ISAC setting.

A notable departure from standard notations in this paper
is that we use D(p(Y )∥q(Y )) := D(pY ∥qY ) to clearly state
KL divergences with distributions conditioned on a specific
realization.

The remainder of this paper is organized as follows. In the
next section, we formally define our problem, followed by
some preliminaries in Sec. III. The main results are presented
in Sec. IV, and some numerical evaluations are provided in
Sec. V.

II. PROBLEM STATEMENT

Encoder

pỸ |X

pY |X,S

Decoder

Detector

Xn

Ỹ n

Y n

M

M̂

Ŝ ∈ {0, 1}

M

Fig. 1. Channel model for the joint communication and detection problem.

We consider a discrete memoryless state-dependent three-
node network, depicted in Fig. 1,

p(ỹn, yn|xn, s) =

n∏
i=1

p(ỹi|xi)p(yi|xi, s)

that consists of a transmitter, a receiver, and a detector, where
ỹn ∈ Ỹn is the observation sequence at the receiver, yn ∈ Yn

is the observation sequence at the detector, and s ∈ S is an
unknown state that is fixed throughout the transmission. For
simplicity, we will often denote ps(y|x) = p(y|x, s). This is
the model for bistatic ISAC scenarios, but if the encoder and
detector are equipped in a single device, it can be also thought
of as a monostatic ISAC system that does not use feedback
codes (e.g., open-loop coding [7]). In the latter case, pY |X,S

denotes the backscatter channel.
The transmitter wishes to send a message m ∈ [1 : 2nR]

to the receiver while simultaneously enabling the detector to
estimate the unknown state S. For the detector, we assume
that the message m is given as side information. Formally,
a (2nR, n) code for the joint communication and detection
problem consists of
• a message set m ∈ [1 : 2nR],
• an encoder that assigns a sequence xn(m) ∈ Xn to each

message m ∈ [1 : 2nR],
• a decoder that assigns a message estimate m̂(ỹn) to each

observation sequence ỹn, and
• a detector that assigns a state estimate ŝ(yn, xn(m)) ∈ S

to each detector observation sequence yn and message
side information m.

We denote the codebook by C(n) = {xn(m),m ∈ [1 : 2nR]}
and suppose alphabet spaces are finite, i.e., |X |, |Y|, |Ỹ| < ∞.

The performance metrics are defined as follows. The proba-
bility of error for communication is defined as P (n)

ϵ = P(M ̸=
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M̂). We define two performance metrics for detection, the
false alarm probability and the missed detection probability
conditioned on a codeword xn(m) as

P
(n)
FA (xn) = P[Ŝ(Y n, xn) = 1|Xn(M) = xn, S = 0],

P
(n)
MD (x

n) = P[Ŝ(Y n, xn) = 0|Xn(M) = xn, S = 1],

respectively.
We say that a rate and error exponent tuple (R,EFA, EMD)

is achievable if there exists a sequence of (2nR, n) codes such
that limn→∞ P

(n)
ϵ = 0 and

lim inf
n→∞

− 1

n
logP

(n)
FA (xn) ≥ EFA,

lim inf
n→∞

− 1

n
logP

(n)
MD (x

n) ≥ EMD,

for all codewords xn ∈ C(n) in the sequence of codebooks.
The optimal region is the set of all achievable tuples. Then,
the rate-exponent region R is the closure of the set of all
achievable tuples (R,EFA, EMD), that is

R := cl{(R,EFA, EMD) : (R,EFA, EMD) is achievable}.

Thus, our goal is to find the optimal tradeoff between the data
rate R and error exponents EFA, EMD.

In this work, we are interested in the regime where both
EMD > 0 and EFA > 0, since otherwise the problem becomes
trivial. For instance, for the case EFA = 0, the detector can
simply declare Ŝ = 1 for all cases including S = 0. To further
elaborate, we note that since |X |, |Y| < ∞, the log-likelihood
ratio is bounded, i.e.,

max
x,y

∣∣∣∣log p1(y|x)
p0(y|x)

∣∣∣∣ < ∞.

Hence, if the threshold of the log-likelihood ratio test is below
a certain value (e.g., τ = −∞), it always declares Ŝ = 1
independently of yn. In this case, PMD = 0 and EMD = ∞;
hence, (EFA, EMD) = (0,∞) is achievable. Therefore, we only
consider the regime where EFA, EMD are both strictly positive.

In the sequel, we assume the following necessary technical
condition used in our converse proof. For any x ∈ X , there
exists a C > 0 such that

Var
(
log

p1(Y |x)
p0(Y |x)

)
< C. (1)

Note that the class of channels satisfying the condition in-
cludes discrete channels with finite alphabet spaces and an
additive white Gaussian noise (AWGN) channel.

III. PRELIMINARIES

In this section, we provide some preliminaries that is
required throughout the paper. We denote the expectation
over ps(Y |X) by Es[·] and hence, E0,E1 are the expectations
over p0(y|x) and p0(y|x), respectively. Similarly, Eu is the
expectation over pu, which will be defined later. For simplicity,
we define the likelihood ratios

LR(y|x) := p1(y|x)
p0(y|x)

, LR(yn|xn) :=
p1(y

n|xn)

p0(yn|xn)
,

and the log-likelihood ratios by LLR(·|·) = log LR(·|·).
Define the normalized cumulant-generating function (CGF)

of the n-length log-likelihood ratio as

κs(u|xn) :=
1

n
log Es [exp (u · LLR(Y n|xn))] ,

for u ∈ R and s ∈ {0, 1}. Note that κs(·), s ∈ {0, 1} can be
further simplified as

κ0(u|xn) :=
1

n
log E0

[
exp

(
u log

p1(Y
n|xn)

p0(Y n|xn)

)]
=

1

n
log E0

[
pu1 (Y

n|xn)

pu0 (Y
n|xn)

]
(a)
=

1

n
log

n∏
i=1

E0

[
pu1 (Yi|xi)

pu0 (Yi|xi)

]
(b)
=

1

n
log

∏
x∈X

(
E0

[
pu1 (Y |x)
pu0 (Y |x)

])nx

=
∑
x∈X

nx

n
log

(
E0

[
pu1 (Y |x)
pu0 (Y |x)

])
(c)
=
∑
x∈X

pX(x) log

(
E0

[
pu1 (Y |x)
pu0 (Y |x)

])

=
∑
x∈X

pX(x) log

(∑
y

p1−u
0 (y|x)pu1 (y|x)

)
,

where step (a) follows since the observations are conditionally
independent, step (b) follows since nx is the number of
occurrence of x in xn, and step (c) follows since pX is the
empirical pmf of xn. Similarly,

κ1(v|xn) :=
1

n
log E1

[
exp

(
v log

p1(Y
n
1 |xn

1 )

p0(Y n
1 |xn

1 )

)]
=
∑
x∈X

pX(x) log

(
E1

[
pv1(Y |x)
pv0(Y |x)

])

=
∑
x∈X

pX(x) log

(∑
y

p−v
0 (y|x)pv+1

1 (y|x)

)
.

By observing the two definitions, we note that

κ0(u|xn) = κ1(v|xn), if u = v + 1. (2)

Property of κ0: Consider a single-letter CGF

κ0(u|x) := log E0

[
exp

(
u log

p1(Y |x)
p0(Y |x)

)]
.

Then, for every fixed x [9, Chap. 7],
1) κ0(u|x) is strictly convex in u if p0 ̸= p1,
2) κ0(0|x) = κ0(1|x) = 0,
3) κ′

0(0|x) = −D(p0(Y |x)∥p1(Y |x)),
4) κ′

0(1|x) = D(p1(Y |x)∥p0(Y |x)),
5) κ′

0(u|x) satisfies that for 0 ≤ u ≤ 1,

−D(p0(Y |x)∥p1(Y |x))
≤ κ′

0(u|x) ≤ D(p1(Y |x)∥p0(Y |x)).
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That is, κ0(u|x) is a U -shape convex curve crossing zero at
u = 0, 1. The normalized multi-letter CGF κ0(u|xn) inherits
all of the above properties, since it is a pX -weighted linear
combination of the single-letter CGF,

1) κ0(u|xn) is strictly convex in u if p0 ̸= p1,
2) κ0(0|xn) = κ0(1|xn) = 0,
3) κ′

0(0|xn) = −D(p0(Y |x)∥p1(Y |x)|pX),
4) κ′

0(1|xn) = D(p1(Y |x)∥p0(Y |x)|pX),
5) κ′

0(u|xn) satisfies that for 0 ≤ u ≤ 1,

−D(p0(Y |X)∥p1(Y |X)|pX)

≤ κ′
0(u|xn) ≤ D(p1(Y |X)∥p0(Y |X)|pX).

IV. MAIN RESULT

The following theorem characterizes the full tradeoff region
between communication rate and error exponents.

Theorem 1. The rate-exponent region R is the set of tuples
(R,EFA, EMD) such that

R ≤ I(X; Ỹ ),

EFA ≤ D(pu(y|x)∥p0(y|x)|pX),

EMD ≤ D(pu(y|x)∥p1(y|x)|pX),

for some pX(x) and u ∈ (0, 1) where

pu(y|x) =
p1−u
0 (y|x)pu1 (y|x)∑
y p

1−u
0 (y|x)pu1 (y|x)

.

We note that R is parameterized by two parameters pX and
u. We provide some operational meaning on the role of u.
The variable u can be considered as an intermediate parameter
that controls the threshold of a log-likelihood ratio test which
implies that u is controlled at the receiver (detector) side. Thus,
for a fixed rate and code, the tradeoff point between the error
exponents is determined at the receiver side. For example, as-
sume that the detector receives a sequence of observations Y n

induced from a codeword. The detector can achieve multiple
error exponent boundary points by varying the threshold of the
log-likelihood test on the single observation sequence. This is
somewhat different from typical rate regions in information
theory where each operating point is obtained by a different
codebook (determined at the encoder side).

A. Achievability Proof

For the achievability proof, we use constant composition
codes (CCCs) originally developed in [16]. Since we rely
on the results from [16] for the communication performance
analysis, we will only provide a brief summary here, and
most of the details will be devoted to the analysis of CCC
on detection error exponents.

Fix an input type pX of length n, and let T n
pX

be the
set of sequences in Xn with composition pX . Then, by [16,
Thm. 10.2], rate R is achievable by some constant composition
code C(n) consisting of codewords xn(m) ∈ T n

pX
if

R < I(X; Ỹ )

as n → ∞.

Next, we analyze the performance of the CCC for detection
error exponents. Note that for binary detection problems, it is
optimal to perform a log-likelihood ratio test with some proper
threshold τ ∈ R. We first consider the case when

−D(p0(Y |X)∥p1(Y |X)|pX) < τ < D(p1(Y |X)∥p0(Y |X)|pX),

which leads us to a nontrivial tradeoff; other trivial cases will
be discussed at the end of this proof.

Consider an arbitrary codeword xn ∈ C(n) from the CCC,
and define a random variable indicated by the log-likelihood
ratio test as

Ŝ =

{
0 if 1

nLLR(Y
n|xn) < τ,

1 if 1
nLLR(Y

n|xn) ≥ τ.

Then, the false alarm probability can be bounded by the
Chernoff bound for some u > 0 as

PFA(x
n) = P

(
1

n
LLR(Y n|xn) ≥ τ

∣∣∣S = 0

)
= P

(
exp

(
u log

p1(Y
n|xn)

p0(Y n|xn)

)
≥ exp(nuτ)

∣∣∣S = 0

)

≤
E0

[
exp

(
u log p1(Y

n|xn)
p0(Y n|xn)

)]
exp(nuτ)

= exp(−n(uτ − κ0(u|xn))), (3)

where the last equality follows from the definition of κ0.
Similarly, for any v < 0,

PMD(x
n) = P

(
1

n
LLR(Y n|xn) < τ

∣∣∣S = 1

)
= P

(
exp

(
v log

p1(Y
n|xn)

p0(Y n|xn)

)
> exp(nvτ)

∣∣∣S = 1

)

≤
E1

[
exp

(
v log p1(Y

n|xn)
p0(Y n|xn)

)]
exp(nvτ)

= exp(−n(vτ − κ1(v|xn)))

= exp(−n((u− 1)τ − κ0(u|xn))), (4)

where the last equality holds by choosing v = u− 1 and the
relation given in (2).

Note that for some fixed τ , (3) and (4) are both optimized by
the same u∗ such that κ′

0(u
∗|xn) = τ . To further manipulate

expressions and obtain the claimed bounds, we use the (multi-
letter) mixture distribution pu in the following form:

pu(y
n|xn) =

p1−u
0 (yn|xn)pu1 (y

n|xn)∑
yn p1−u

0 (yn|xn)pu1 (y
n|xn)

(5)

=
p0(y

n|xn)LRu(yn|xn)

E0[LR
u(Y n|xn)]

(6)

=
p0(y

n|xn)LRu(yn|xn)

exp(nκ0(u|xn))
, (7)

for some u ∈ (0, 1). Then, we have from (7) that

D(pu(Y
n|xn)∥p0(Y n|xn))

= Eu

[
log

pu(Y
n|xn)

p0(Y n|xn)

]
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= uEu[log LR(Y
n|xn)]− nκ0(u|xn). (8)

For the Eu[log LR(Y
n|xn)] term, we can change the underly-

ing probability measure using (6) as follows:

Eu[log LR(Y
n|xn)]

=
∑
yn

pu(y
n|xn) log LR(yn|xn)

=
∑
yn

p0(y
n|xn)LRu(yn|xn)

E0[LR
u(Y n|xn)]

log LR(yn|xn)

=
E0[LR

u(Y n|xn) log LR(Y n|xn)]

E0[LR
u(Y n|xn)]

=
d

du
log E0[LR

u(Y n|xn)]

= nκ′
0(u|xn),

which gives the relation

1

n
D(pu(Y

n|xn)∥p0(Y n|xn)) = uκ′
0(u|xn)− κ0(u|xn).

The left side can also be written in a single-letter form by
using the additive property of the KL divergence under product
distributions by

D (pu(Y
n|xn)∥p0(Y n|xn))

= D

(
n∏

i=1

pu(Yi|xi)

∥∥∥∥∥
n∏

i=1

p0(Yi|xi)

)

=

n∑
i=1

D(pu(Yi|xi)∥p0(Yi|xi))

= nD(pu(Y |X)∥p0(Y |X)|pX),

which results in

D(pu(Y |X)∥p0(Y |X)|pX) = uκ′
0(u|xn)− κ0(u|xn).

Therefore, at the optimal u∗, i.e., τ = κ′
0(u

∗|xn), we have

D(pu∗(Y |X)∥p0(Y |X)|pX)

= u∗κ′
0(u

∗|xn)− κ0(u
∗|xn) (9)

= max
u

(uτ − κ0(u|xn)).

Since κ0(u|xn) depends only on the empirical distribution of
xn, we can alternatively write κ0 as a function of its type
κ0(u|pX) for any codeword in C(n). In other words, we have
a universal bound that holds for all xn ∈ C(n) as C(n) is a
CCC. Hence, (3) can be restated by, for any xn ∈ C(n)

PFA(x
n) ≤ exp(−n · max

u∈(0,1)
(uτ − κ0(u|pX)))

= exp(−nD(pu∗(Y |X)∥p0(Y |X)|pX)).

Similarly, to bound the error exponent for PMD(x
n), it also

holds that

D(pu∗(Y |X)∥p1(Y |X)|pX)

= (u∗ − 1)κ′
0(u

∗)− κ0(u
∗|xn) (10)

= max
u

((u− 1)τ − κ0(u|xn)).

Combined with (4), we have the bound

PMD(x
n) ≤ exp(−nD(pu∗(Y |X)∥p1(Y |X)|pX)),

for xn ∈ C(n).
From the strict convexity of κ0, κ′

0(u) is a monotonically
increasing function which implies that τ and u∗ are one-to-
one. Therefore, for any τ such that

τ ∈ (−D(p0(Y |X)∥p1(Y |X)|pX), D(p1(Y |X)∥p0(Y |X)|pX)),

there exists a u∗ satisfying τ = κ′
0(u

∗).
When τ does not belong to the above range, the prob-

lem becomes trivial. To see this, suppose that τ ≤
−D(p0(Y |X)∥p1(Y |X)|pX). In this case, the false alarm
probability converges to 1 since

E0

[
1

n
LLR(Y n|xn)

]
=

1

n
E0

[
log

p1(Y
n|xn)

p0(Y n|xn)

]
=

1

n

n∑
i=1

E0

[
log

p1(Yi|xi)

p0(Yi|xi)

]
= − 1

n

n∑
i=1

D(p0(Yi|xi)∥p1(Yi|xi))

= −D(p0(Y |X)∥p1(Y |X)|pX),

and thus, the log-likelihood ratio is greater than τ almost surely
as n → ∞, i.e., PFA = 1 and EFA = 0. Decreasing τ further
decreases PMD (i.e., increases EMD) at no expense of EFA; e.g.,
setting τ = −∞ achieves (EFA, EMD) = (0,∞). The case for
τ ≥ D(p1(y|x)∥p0(y|x)|pX) can be addressed similarly.

Remark 1. From (9), (10), and τ = κ′
0(u

∗|xn), the threshold
of the LRT τ can be obtained by

τ = D(pu∗(Y |X)∥p0(Y |X)|pX)−D(pu∗(Y |X)∥p1(Y |X)|pX).

Remark 2. By setting τ = 0 (i.e., both error events are
equally penalized) specializing the exponent results for the
binary multiplicative state channel recovers Thm. 1 in [5].

B. Converse proof

Suppose that a rate-exponent tuple (R,EFA, EMD) is achiev-
able by a codebook C(n). That is, for any ϵ > 0, there exists
a length-n codebook C(n) such that

log |C(n)|
n

≥ R− ϵ

P (n)
e ≤ n

max
m∈[1:2nR]

P(Ŝ(Y n,m) = 1|M = m,S = 0) ≤ e−n(EFA−ϵ)

max
m∈[1:2nR]

P(Ŝ(Y n,m) = 0|M = m,S = 1) ≤ e−n(EMD−ϵ)

Note that there are exponentially many codewords in C(n)

while the number of types of length n is at most polynomial
in n [16]. It implies that one can take a nonempty set of types
T such that for all pX ∈ T , a subcodebook C(n)

pX := {xn(m) :
π(xn(m)) = pX} ⊂ C(n) such that

log |C(n)
pX |

n
> R− ϵ− δn
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for some δn > 0 that tends to zero as n → ∞ where π(xn)
is the type of xn.

In the sequel, we restrict our attention to C(n)
pX . Let M ′ be a

message taking values uniformly random from the codewords
in C(n)

pX and define the chosen codeword by X̃n(m). Then,
X̃n(m) ∼ p̃n(x̃n) and X̃i ∼ p̃(x̃) where

p̃n(xn) =
1{xn ∈ C(n)

pX }
|C(n)

pX |
,

p̃i(x) =
1

|C(n)
pX |

∑
xn∈C(n)

pX

1{xi = x},

that is, p̃n(x̃n) is the uniform distribution over C(n)
pX and p̃i(x̃i)

is the i-th marginal distribution of symbols on CpX
. Also, let

p̄(x) be the empirical distribution over the entire codebook
C(n)
pX given by

p̄(x) :=
1

n

n∑
i=1

p̃i(x) = pX(x),

where the last equality holds since all codewords in C(n)
pX are

of type pX .
By applying Fano’s inequality and standard converse

steps [17] to the sub-codebook C(n)
pX ,

n(R− ϵ− δn) ≤ log |C(n)
pX

|
≤ nI(X; Ỹ ) + nϵn,

which gives the condition R ≤ I(X; Ỹ ) + ϵ+ δn + ϵn.
Next, we prove the bounds on the error exponents. Again,

we first restrict our attention on the subcodebook C(n)
pX . For

binary hypothesis testing problems, it is well known that a
log-likelihood test achieves the optimal tradeoff points of the
error probabilities PFA and PMD. Moreover, by controlling the
threshold parameter τ , we can choose the operating point on
the optimal tradeoff curve. Thus, in the following, we bound
the performance of the log-likelihood test on C(n)

pX -codeword
induced observations.

Define a binary test random variables Ts, s ∈ {0, 1},

Ts =

{
0 if 1

nLLR(Y
n|xn) < τ,

1 if 1
nLLR(Y

n|xn) ≥ τ,

where τ is the threshold that achieves the error exponents
EFA, EMD. The subscript index s indicates that the observation
Y n|xn is distributed as

Y n|xn ∼

{
p0(y

n|xn) for T0,

p1(y
n|xn) for T1.

Also, let u be such that

µu := Eu

[
1

n
LLR(Y n|xn)

]
= τ, (11)

and similarly for some δ > 0, let v be such that

µv = Ev

[
1

n
LLR(Y n|xn)

]
= τ + δ,

where the underlying distribution pv is the mixture distribution
similarly defined in (5). Then, Tv is also similarly defined with
respect to observations following pv(y

n|xn).
With the above definitions,

D(pv(Y
n|xn)∥p0(Y n|xn))

(a)

≥ D(p(Tv|xn)∥p(T0|xn))

= P(Tv = 0|xn) log
P(Tv = 0|xn)

P(T0 = 0|xn)

+ P(Tv = 1|xn) log
P(Tv = 1|xn)

P(T0 = 1|xn)

= −H2(Tv|xn)− P(Tv = 0|xn) logP(T0 = 0|xn)

− P(Tv = 1|xn) logP(T0 = 1|xn)

(b)

≥ −1− P(Tv = 1|xn) logP(T0 = 1|xn),

where (a) follows from the data processing inequality since the
binary random variable Ts is a function of observations, and
(b) follows since the binary entropy function is upper bounded
by 1 and P(Tv = 0|xn) logP(T0 = 0|xn) < 0. Rearranging
terms and using the fact that P(Tv = 1|xn) ≥ 1 − C

nδ2 as
shown in App. A, we have

logP(T0 = 1|xn)

≥ −1−D(pv(Y
n|xn)∥p0(Y n|xn))

P(Tv = 1|xn)

≥ −1−D(pv(Y
n|xn)∥p0(Y n|xn))

1− C
nδ2

= (−1−D(pv(Y
n|xn)∥p0(Y n|xn)))(1 + o(1)).

Exponentiating both sides,

PFA(x
n) = P(T0 = 1|xn)

≥ exp{−(1 +D(pv(Y
n|xn)∥p0(Y n|xn)))(1 + o(1))}.

Since the additivity of the KL divergence for product distri-
butions gives us

D (pv(Y
n|xn)∥p0(Y n|xn)) = nD(pv(Y |X)∥p0(Y |X)|pX),

the above implies that for any xn ∈ C(n)
pX ,

PFA(x
n) ≥ exp (−n(D(pv(Y |X)∥p0(Y |X)|pX) + o(1))) .

Finally, from two facts that pv → pu as δ → 0 and that
D(pv(Y |X)∥p0(Y |X)|pX) is continuous in pv ,

PFA(x
n) ≥ exp (−n(D(pu(Y |X)∥p0(Y |X)|pX) + o(1)))

holds as δ → 0.
To obtain the bound on PMD, take v such that µv = τ − δ.

By repeating the same steps for D(pv(Y
n|xn)∥p1(Y n|xn))

with δ → 0, we have

PMD(x
n) ≥ exp (−n(D(pu(Y |X)∥p1(Y |X)|pX) + o(1))) .

Since the above bounds hold for any xn ∈ C(n)
pX

PFA = max
m∈[1:M ]

PFA(x
n(m))
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≥ max
m:xn(m)∈C(n)

pX

PFA(x
n(m))

≥ exp (−n(D(pu(Y |X)∥p0(Y |X)|pX) + o(1))) ,

PMD = max
m∈[1:M ]

PMD(x
n(m))

≥ max
m:xn(m)∈C(n)

pX

PMD(x
n(m))

≥ exp (−n(D(pu(Y |X)∥p1(Y |X)|pX) + o(1))) .

Finally, we have the corresponding bounds on the exponents

EFA ≤ D(pu(Y |X)∥p0(Y |X)|pX),

EMD ≤ D(pu(Y |X)∥p1(Y |X)|pX).

V. NUMERICAL EXAMPLES

A. Binary channel example

We begin with an example of a binary multiplicative state as
described in [5]. The example can be considered as an abstract
model for the cast that, if an obstacle is present, it completely
disrupts the sensing path causing the detector to receive only
noise. Specifically, we consider a state-dependent broadcast
channel

Ỹi = xi ⊕ Z̃i,

Yi = S · xi ⊕ Zi,

where Z̃i ∼ Bern(p) and Zi ∼ Bern(q). In this setting, note
that

pu(1|0) =
p1−u
0 (1|0)pu1 (1|0)

p1−u
0 (0|0)pu1 (0|0) + p1−u

0 (1|0)pu1 (1|0)

=
q1−uqu

(1− q)1−u(1− q)u + q1−uqu

= q,

pu(1|1) =
p1−u
0 (1|1)pu1 (1|1)

p1−u
0 (0|1)pu1 (0|1) + p1−u

0 (1|1)pu1 (1|1)

=
q1−u(1− q)u

(1− q)1−uqu + q1−u(1− q)u
.

Then, letting α = pX(1) for brevity and applying Thm. 1,

R ≤ I(X; Ỹ )

= H2(α ∗ p)−H2(p),

EFA ≤ D(pu(y|x)∥p1(y|x)|pX)

= (1− α)D(pu(y|0)∥p1(y|0)) + αD(pu(y|1)∥p1(y|1))

= αD2

(
q1−u(1− q)u

(1− q)1−uqu + q1−u(1− q)u

∥∥∥∥1− q

)
,

EMD ≤ D(pu(y|x)∥p0(y|x)|pX)

= (1− α)D(pu(y|0)∥p0(y|0)) + αD(pu(y|1)∥p0(y|1))

= αD2

(
q1−u(1− q)u

(1− q)1−uqu + q1−u(1− q)u

∥∥∥∥q) ,

where α ∗ p = α(1− p) + (1− α)p.
Note that for the special case with u = 0.5, it recovers the

rate region given in [5] as follows.
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Fig. 2. Tradeoff boundary points of R for the binary multiplicative state
channel with p = 0.1, q = 0.2. Units are bits.

Corollary 1 ( [5, Thm. 1]). For the binary multiplicative
channel with E = EFA = EMD, the optimal trade-off region
is given by the set of (R,E) pairs such that

R ≤ H2(α ∗ p)−H2(p),

E ≤ αD2(0.5∥q).

B. Gaussian example

Next, consider an AWGN communication channel

Ỹi = xi + Z̃i,

and an AWGN sensing channel

Yi = xi + Zi, if S = 0,

Yi = hxi + Zi, if S = 1,

where we assume an average input power constraint∑n
i=1 x

2
i ≤ nP , Z̃i ∼ N (0, 1), Zi ∼ N (0, 1), and h ̸= 1.

This model can be considered as an abstract model for obstacle
detection in which an obstacle alters the detector’s wireless
propagation path.

Assuming X ∼ N (0, P ), note that

R ≤ 1

2
log(1 + P ).

To evaluate the exponents, first note that

pu(y|x) =
1√
2π

exp
(
− (1−u)(y−x)2

2

)
exp

(
−u(y−hx)2

2

)
∫
R

1√
2π

exp
(
− (1−u)(y−x)2

2

)
exp

(
−u(y−hx)2

2

)
dy

=
1√
2π

exp

(
− (y − (1− u+ hu)x)2

2

)
= N ((1− u+ hu)x, 1).

With the distribution at hand, we have

D(pu(y|X = x)∥p1(y|X = x))
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Fig. 3. Projection of R on the EMD-EFA plane for the Gaussian example
with P = 1, P = 2 and P = 4. We set h = 0.5.

= D(N ((1− u+ hu)x, 1)∥N (hx, 1))

=
(1− u)2(1− h)2x2

2
, (12)

D(pu(y|X = x)∥p0(y|X = x))

= D(N ((1− u+ hu)x, 1)∥N (x, 1))

=
u2(1− h)2x2

2
. (13)

Then, we can evaluate Thm. 1 under the Gaussian input
distribution X ∼ N (0, P ) which gives the following:

R ≤ 1

2
log(1 + P ),

EFA ≤ D(pu(Y |X)∥p1(Y |X)|pX) =
(1− u)2(1− h)2P

2
,

EMD ≤ D(pu(Y |X)∥p0(Y |X)|pX) =
u2(1− h)2P

2
. (14)

We note that the region (14) is in fact R, i.e., the Gaussian
distribution achieves the largest region over all possible input
distributions. To see this, note that for each x, (12) and (13)
hold. That means, for any distribution satisfying the constraint
E(X2) ≤ P , the exponents are upper bounded by

D(pu(Y |X)∥p1(Y |X)|pX) ≤ (1− u)2(1− h)2P

2
,

D(pu(Y |X)∥p0(Y |X)|pX) ≤ u2(1− h)2P

2
.

Since Gaussian distribution achieves the equalities and maxi-
mizes the mutual information, it attains R in Thm. 1.

VI. CONCLUSION

In this paper, we characterize the asymptotically optimal
tradeoff between communication rate, false alarm, and missed
detection error exponents for a fixed sensing state. By address-
ing the unequal error protection problem, our work introduces
Hoeffding’s hypothesis testing problem [15] to ISAC and
extends existing literature on equal error protection [5], [7].
Our findings provide insights into how to separately control
the reliability of the two error events simultaneously with an
information-bearing signal.

APPENDIX A
BOUND ON P(Tv = 1|xn)

Recall that τ = Ev

[
1
nLLR(Y

n|xn)
]
−δ where δ > 0. Then,

P(Tv = 0|xn) =
∑

yn:LLR(yn|xn)<nτ

pv(y
n|xn)

=
∑

yn:LLR(yn|xn)−nµv<−nδ

pv(y
n|xn)

≤
∑

yn:|LLR(yn|xn)−nµv|>nδ

pv(y
n|xn)

(a)

≤ Var(LLR(Y n|xn))

n2δ2
(b)

≤ C

nδ2
,

where (a) follows from the Chebyshev inequality, and (b)
follows from our assumption (1). Since P(Tv = 0|xn) =
1− P(Tv = 1|xn), it holds that P(Tv = 1|xn) ≥ 1− C

nδ2 .
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