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Abstract—Integrated sensing and communication (ISAC) is
acknowledged as a crucial facilitator for the advancement of
future wireless communication technologies. This study intro-
duces a combined communication and radar beamforming frame-
work aimed at optimizing overall spectral efficiency (SE) that
guarantees required radar performance, even with imperfect
channel state information (CSI), in multi-user multi-target ISAC
environments. To achieve this goal, we set a radar performance
constraint to a receive signal-to-clutter-plus-noise ratio (SCNR)
for the sum SE optimization. To address non-convexity and
imperfect CSI issues, we reframe the optimization problem and
derive the Karush—-Kuhn-Tucker (KKT) stationarity conditions
for the combined radar and communication precoding vector.
By converting the condition into a nonlinear eigenvalue problem
with eigenvector dependency (NEPv), we devise an alternating
approach that identifies the joint precoder using power iteration
and determines a Lagrangian multiplier via binary tree search.
The proposed framework integrates radar and communication
metrics and maintains robustness against channel estimation er-
rors, featuring low complexity. Simulations show the effectiveness
of the proposed methods.

Index Terms—ISAC beamforming, imperfect CSI, receive
SCNR, spectral efficiency.

I. INTRODUCTION

The next generation of wireless communication systems
aims to support high data rates, exceptional wireless con-
nectivity to numerous devices, and robust sensing capabili-
ties [1], [2]. To achieve these goals, the concept of integrated
sensing and communication (ISAC) has been spotlighted as a
key technology for future wireless systems. ISAC combines
signal processing methods and hardware resources between
communication and sensing systems [3]-[5]. Combining radar
and communications into a single platform can lower platform
costs, enable spectrum sharing, and improve performance by
leveraging the synergy between radar and communication
functions. Recognizing these significant benefits, we explore
a multiple-input and multiple-output (MIMO) ISAC system
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and introduce an innovative MIMO-ISAC beamforming frame-
work.

In early research, The ISAC system such as [6]-[9] pri-
marily considered single-antenna systems. A crucial factor
in attaining high efficiency in ISAC systems is the precise
formation of multiple beams, taking into account radar tar-
gets and various communication users, which has driven the
adoption of MIMO-ISAC systems. In [10], an information
embedding technique was introduced, where communication
signals are transmitted via MIMO radar by manipulating
side lobes on a line-of-sight (LoS) environment. Furthermore,
[11] proposed index-modulation type transmission methods to
deliver information signals using MIMO radar waveforms.

In the context of MIMO-ISAC systems, the optimization
of ISAC transmit beamforming has been extensively studied.
In [12], [13], joint beamforming optimization techniques were
introduced. The central concept involves using the manifold
optimization technique to minimize the mean squared error
(MSE) of the intended and current beampatterns while ad-
hering to a transmit power constraint. In [12], [13], transmit
symbols were utilized for both downlink user service and tar-
get sensing. However, this approach is sub-optimal compared
to using designated radar sensing symbols [14]. To overcome
this limitation, [15] proposed a joint beamforming optimiza-
tion scheme in MIMO-ISAC systems that designates specific
radar sensing symbols. A comparable issue was examined in
[14], under the assumption that each communication user can
cancel out radar sensing signals. [16] formulated a sum rate
maximization problem, incorporating the transmit radar beam
in the target angle as a penalty term, and was solved using
alternating algorithms.

Preliminary research efforts on ISAC scenario have ef-
fectively highlighted the advantages of integrated systems
and introduced advanced optimization techniques to improve
both communication and radar performance [15], [16]. These
studies have shown that shared-antenna ISAC systems out-
perform their separate-antenna counterparts and emphasized
the benefits of using dedicated radar signals to maximize the
accessible degrees of freedom (DoF). Therefore, developing
ISAC beamforming methods for shared-antenna systems, par-
ticularly for imperfect CSIT cases, multi-user, and multi-target,
is considered a crucial research task, which has not been fully
explored. For example, [17], [18] proposed robust transmission
strategies with imperfect CSIT, mainly focusing on scenarios
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with a single user or a single target. Several previous works
have addressed multi-user [15], [16] and multi-target cases
[15]. However, [15], [16] primarily assumed a CSIT is perfect.
To overcome this issue, we propose a robust framework of
joint communication and radar beamforming, utilizing dedi-
cated radar signals in ISAC systems in the presence of multi-
user and multi-target, considering the imperfect CSIT.

In this paper, we introduce a robust comprehensive joint
optimization framework in MIMO-ISAC systems, aiming to
maximize the sum spectral efficiency (SE) while satisfying
the required radar performances. The proposed method con-
siders imperfect CSIT for multiple users and multiple targets,
incorporating radar metrics with constucted radar signals. Our
contributions are summarized as follows:

« We formulate ISAC beamforming problems that max-
imize the sum SE while considering the radar signal-
to-clutter-plus-noise ratio (SCNR). Formulated problems
incorporate both transmit and receive aspects of radar
signals. The challenges arise from the non-convexity and
imperfect CSIT. To address this, we propose a robust joint
optimization framework.

« We derive a lower bound on the average SE based on
channel estimation error, allowing us to use the error co-
variance in optimization. The problems are reformulated
by expressing the objective function and its constraints
as functions of a vectorized joint communication and
radar precoder. We then establish the Lagrangian function
and derive the Karush—Kuhn-Tucker (KKT) condition to
search stationary points for a given Lagrangian multiplier.

o We recognize the KKT stationarity condition as a non-
linear eigenvalue problem (NEPv) with eigenvector de-
pendency, where the principal eigenvector corresponds to
the best stationary point. We propose a generalized power
iteration (GPI)-based algorithm to compute eigenvector.
Then, a binary search algorithm updates the Lagrangian
multiplier to meet the SCNR constraint, with both the
precoding vector and the Lagrangian multiplier computed
alternately until convergence. We also propose radar-only
beam design algorithms as a special case.

« Simulations show that our proposed algorithms outper-
form benchmarks, providing a good trade-off between
radar and communication performance and robustness for
imperfect CSIT cases. Additionally, our method provides
crucial design guidelines for MIMO-ISAC, highlight-
ing the significance of the proposed robust optimization
framework.

Notation: Here, a is a scalar, a is a vector, and A is a
matrix. Superscripts (-)~!, (-)T, and ()" denote matrix inver-
sion, Hermitian, and transpose, respectively. E[-] represents
expectation, and tr(-) denotes the trace of a matrix. Iy is the
NXN identity matrix, and Onx s is the NXM zero matrix. The
Kronecker product is denoted by ®, and e/} is an Nx1 standard
basis vector with the nth element equal to one. diag(a) is a
diagonal matrix with a on its diagonal elements. CN(m, o)
denotes a complex Gaussian distribution with mean m and

variance o2.

II. SYSTEM MODEL
A. Signal Model

A MIMO-ISAC system is considered where the base station
(BS) is equipped with an ISAC transmit antenna and a radar
receive antenna on an integrated hardware platform. BS has
N transmit and receive antennas, serving K single-antenna
communication users and generating radar beam patterns to
detect radar targets. The ISAC BS shares the same time
resources, frequency resources, and transmit antenna arrays.
Following the assumption in [9], we ensure full decoupling
between transmit antennas and receive antennas to prevent
self-interference at the received radar signal. To fully utilize
the spatial degrees of freedom (DoF) from the MIMO system,
the BS superimposes dedicated radar signals with communi-
cation symbols. Thus, the transmit signal x € CV from the BS
defined as

.
x = Fcsc + Frsr = [Fc, Fr] [SE,SE] =Fs, (D

.,sc,K]T e CK is a communication
.,SR’K]T (S CM is
[fc1, - fok] €
is a communication beamforming matrix, and Fr =
[fR,l, e ,fR,M] € CN*M s a radar beamforming matrix.

As an assumption, the communication symbols sc and
the radar waveform signal sgr are zero-mean and statistically
independent to each other, i.e., E[SRSE] = Opxk, with
E [sRsE] =P Iy, and E [scsg] = P - Ik, where P is the
transmit power. We assume ||Fr||g + ||Fcl|g < 1 without loss
of generality to satisty a transmit power constraint.

where sc = [sc.1,--
message symbol vector, s = [sr.1,--

a radar waveform signal vector, Fc =
CN XK

B. Channel Model

Considering communication users, the k-th users’ received
signal yy is

K M
H H H
yi = hife rsc i+ Z hka,iSC,i+Z h 'fR jsg, j+ni, (2)
i+k,i=1 Jj=1

where h; € CV is the channel vector of k-th user, and
ne ~ CN(0, o?) is the additive white Gaussian noise (AWGN).
In (2), the second component represents the combined in-
terference of other users’ signals, while the third component
represents the combined interference of the radar signals.

We assume that each channel vector hy ~ CN(0x«1, Ky),
indicating it follows a Gaussian distribution characterized by a
particular spatial covariance matrix K. Based on this model,
h; is expressed as

1.
he = UpAZhy, 3)

where hy; € C* is an independent and identically distributed
(IID) channel vector with elements which follows CN(O0, 1).
U; € CN>"k comprises the eigenvectors of Ky associated with
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Ay, and Ay € C"**"* js a diagonal matrix containing the non-
zero eigenvalues of Ky. It is worth noting that the channel
model in (3) involves the majority of generally applied models
of spatially correlated MIMO channel.

Taking into account imperfect CSIT, the estimated channel
vector ﬁk is

hy =h; - ¢, )

where ¢, is the channel estimation error. As an assumption,
h; and ¢, follow Gaussian distribution and independent of
each other. Here, ®; = E[¢k¢?] is the error covariance. We
assume that the BS know both h; and ®.

C. Radar Model

Effective sensing often requires a line-of-sight (LoS) path
between the target and the sensor object. Compared to com-
munication systems, which exploit multiple channel paths for
better performance, clutter in radar systems degrades sensing
accuracy and must be mitigated. Considering clutter referring
to [2], the received radar echo signal is expressed as

S C
YR = Y Ba(0f)al (05)x + )" a6l (09)x + ng
i=1 j=1
= GtarX + GC1X + NR,

(&)

where S, C, a;(0), and a,(#) are the number of targets, the
number of clutters, the transmit array response vector from 6,
and the receiver array response vector from 6, respectively. We
denote 9?“ as the direction of the i-th target, 9;.1 as the direction
of the j-th clutter, 8" as the reflection coefficient of the i-th
target, and ,83.1 as the reflection coefficient of the j-th clutter.
ng ~ CN(Oyx;,03Iy) as the AWGN noise. Also, Gy =

iy BT (67 )al (61) and Ga = X5, a (65 (69). As
an assumption, the reflection coefficients and directions of
both clutters and targets are known at the BS, as these are
large-scale parameters. Furthermore, if clutters are stationary
objects, 6! and ¢! remain nearly time-invariant. We note that
the aforementioned model can be considered as representing
a subcarrier of an OFDM system or narrowband system.

D. Performance Metrics and Problem Formulation

1) Metric of Communication Performance: As a perfor-
mance metric of communication, we adopt a sum SE. Firstly,
the SINR at k-th user is

.«

Yk = (6)

In (6), the denominator term contains the inter-user interfer-
ence and the radar waveform interference. Further, the k-th
users’ achieved SE is

Ry =log, (1+yx). (7

2) Radar Performance Metric: SCNR serves as a useful
metric for radar performance when non-negligible clutters
coexist. For example, the SCNR metric is effective during
the radar tracking phase, where expected target positions and
clutter locations are known. Based on [2], [19], the SCNR is
computed from (5) as

HGH
B[ Guarxlle] Tr (GuFFHGY,

IGax|lF+[ng[lF] Tr (GchFHGH)+ﬂ0'2 .
cl P

yr(F)= ] (8)

R
Utilizing SCNR as defined in (8) accounts for the impact of
clutters, but direct beam pattern design cannot be performed.
3) Problem Formulation: The primary design objective is
to maximize the sum SE satisfying the condition that the
receive SCNR is smaller than the predefined threshold Ty,
considering communication-oriented ISAC systems.

K
maxiFmize Ry (F) = Z R (F)

)

k=1
subject to yr (F) > Tyenrs (10)
Tr(FF") < 1, (11)

where (11) is the total transmit power constraint. Because of
the non-convexity of the problem (9), the sum SE Ry must be
addressed to entirely exploit the estimated channel and channel
error covariance under the imperfect CSIT.

III. PROPOSED OPTIMIZATION FRAMEWORK

In this section, we present our comprehensive framework to
address the problem stated in (9). Initially, we reformulate (9)
into more tractable form. Utilizing this reformulation, we then
examine the KKT stationary condition and propose a robust
algorithm to compute the best staitionary point.

A. Problem Reformulation

Under an imperfect CSIT scenario, the estimated CSIT flk
and error covariance matrix @y are only available at the BS.
Consequently, we need to obtain a proper objective function
instead of Ry (F). Therefore, we take into account the average
SE concerning the CSIT estimation error [20] as

Ri(F) =Eg, [Ri(F)] (12)

‘(ﬁk +¢k)H fc k 2

=Eg, |log, [1+ 5

K |(f HoP? M |t H a?
Dtk (hk+¢k) foi|+255 (hk+¢k) fcj|+F

to obtain a proper SE expression, we rewrite (2) with the
CSIT estimation error as

K M
i = fe ksc i + E hpfc ;sc; + E h fr jsr,;
i#k,i=1 =

K M
H H
+ Z ¢k fC,i’SC,i’ + Z ¢k fR’j/SR’jf +ny. (16)
i'=1 Jj'=1

(a)
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IR

Ri(F) > Ey, |log,| 1+ 5 > (13)
YA S Y IR oY U R T W
hHf,
> log, | 1+ it L o — : (14)
#m1pﬁm4 + 2] dwmﬂ|+zz1%’®Uﬁﬂ+zﬁﬂ$bmﬂkf+%'
= RP(F) (15)
We note that the term (a) involves some randomness related to
&, sc, and sr. Even though (a) is correlated with the intended L “1b %
signal term because of sc , we eliminate the correlation by max1fmlze Ry (®) (23)
regar@ing (a) as an indepen(.lent Gaussia.ln interffareqce. By . fHG,, f
applying the notion of generalized mutual information in [21], subject to G f = Do (24)
cl

this assumption results in a lower bound of the SE Rj. Then,
the following lower bound of (12) as presented in (15) at the
top of the page where (b) is derived using Jensen’s inequality
and E[¢k¢?] = ®;. With the derived closed-form, we define
I?']? for a new objective function. We note that I?']E is a function
of hy and ®; which are available at the BS. We denote the
vectorized beamforming variable as f = vec(F) € CN(K+M),
Also, we assume maximum transmit power P, i.e., ||f ||2 =1.
To this end, for more tractability, we reconstruct R|

b= fHka)
RP(f) = log, [=——~— ], 17
where By = I(kipr) ® (ﬁkﬁH+(I)k)+%ZIN(K+M) and Cy =
B, — diag (e““M) ® ARt

B Now, we reformulate the SCNR constraint as a function of
f. We rewrite the SCNR in (8) as

vec(GurF)Hvec (G F)

R = : — (18)
vec(GF)vec(GoF) + 5o

(a) f " (Ig+pr ® Gtar)H(IK+M ® Gtar)f

P (Ikam ® Ga)H(Iksm ® Ga)f + Mo

19)

where (a) is derived by vec(ABC) = (CT ® A)vec(B).
Under assumption of maximum transmit power, i.e., ||f]|> =
1, (19) is reformulated as

Gt
SCNRg (F) = ——, 20
r(F) G T (20)
where
Ctar = (IK+M ® Gtar)H(IK+M ® Gtar), (21)
N
G = (e © G (Ikons ® Gop) + O'RIN(K+M) (22)

Lastly, we omit the power constraint Tr(FFH) = ||f||2 = 1
to relax the problem and regard it in the algorithm to obtain
a solution within a feasible set. Substituting (17) and (20) to
the problem of (9) reconstructs the main problem as

Since the reconstructed problem (23) is still non-convex, it
is an NP-hard problem to search a global optimal solution.
Therefore, we adopt a GPI-based algorithm to find the best
stationary solution of the reconstructed problem (23).

B. Proposed GPI-ISAC-SCNR Algorithm

To find a stationary point, we derive the KKT stationarity
condition of (23) as follows.

Lemma 1. The first-order KKT condition of (23) is fulfilled
if the following condition holds:

Y(Hf = Qb A, (25)
where
K B, -
¥(f) = Anum (F S, Sy 26
I )(kz_; B f | MGl (26)
) = dgen® [ 3 2 S| )
L fHC T HGAf

Here, u in (26) and (27) is the Lagrangian multiplier and
ﬁ (fHka) _ Anum ()
k=1 f.Hcki‘ /lden (f) .

where Anum(F) and Agen(F) are any functions that meet the
condition of (28).

fH F\H
f Gmf) 28)

/l(f) %cnr ( E‘HGCIT

Proof. See Appendix A. [

However, since the reformulated problem (23) is non-
convex, searching a global optimal point using the derived con-
dition is infeasible, and only the necessary condition for a local
optimal point can be ensured. Furthermore, the Lagrangian
multiplier u and the optimization variable f are intricately
interdependent, making their joint optimization challenging.
To address this issue, we alternately optimize u and f based
on Lemma 1 to find the best local optimal solution.

We note that when T satisfies (25), then it meets the first-
order optimality condition. To find best local optimal solution,
we describe relationship between the objective function R%’ 3
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Algorithm 1: GPI-based precoding

Algorithm 2: GPI-ISAC-SCNR

1 initialize: f

2 Setr=1.

3 while |[f;) —F—1)|| > € or t < tmax do

4 Compute matrix W(f(,_1)) according to (26).
5 Compute matrix Q(f(,_l)) according to (27).
Q_l(f(r—l))“‘(f(r—l))f(z—l)
[FORNCTTSY (T (P

6 Update f'(,) —
7|ttt 1.

8 f f(t)_

9 return f.

in (23) and A(f) in (25). As an assumption, we have an
arbitrary pair of precoder and Lagrangian multiplier (f7, u™)
that meets the SCNR constraint (24) with equality and the
first-order optimality condition (25). In such a case, we have
log, A(f") = RP(f") which is a stationary point from the
first-order optimality condition because of the active SCNR
constraint. Therefore, we then have to find (f', u") which
maximizes A(f).

To find the best local optimal point, we regard (25) as a
functional eigenvalue problem. Since Q(f) is invertible, we
can express the condition (25) as

Q' HY@f = A(DE. (29)
Regarding f as an eigenvector and A(f) as a corresponding
eigenvalue of Q™! (f)¥(f), the first-order optimality condition
(25) is same as a functional eigenvalue problem, i.e., (25)
is cast as a NEPv [22]. To find the stationary point that
maximizes the objective function, we need to find (£, u")
which maximizes A(f"). Accordingly, we find the principal
eigenvector of (29), £*, with corresponding u* that satisfies
the SCNR constraint and maximizing A(f). Then computed
f* is expected to be the best stationary point. The following
proposition summarizes the observation:

Proposition 1. Consider t* as a principal eigenvector of
Q- ()W (F*) satisfying

Q' ([FHY (N = A(FHF* (30)
with corresponding p* where (F*, u*) satisfy the SCNR con-
straint (24). Then t* is the best stationary point of the problem
(23).

We introduce an efficient algorithm to iteratively compute
the principal eigenvector from Proposition 1, named as GPI-
based ISAC (GPI-ISAC). GPI-ISAC alternately computes f for
given yu and y for given f until it search (£, u*). Firstly, we
explain the ISAC beamforming optimization method to find f
for given u [23]. At the #-th iteration, we build the matrices
‘I‘(f'(t_l)) and Q(f(t_l)) using (26) and (27) based on f'(,_l).
Next, we compute f(; as

) 9_1(f(z—l))‘l’(f(z—l))f(z—l)
121 (1) Y (E 1) E -1l

€2y

1 initialize: u (1) = pmax.
2 Set the iteration count n = 1 and

3 while |y — pn-1)l > { or n < npax do
4 f « Algorithm 1 with )

Tr( G FFHGH,)

S if Tscnr < Tr—(GchFHGr‘l)‘*%(TI% then
6 ‘ M(n+1) < (ﬂ(n) + Mmin) /2

7 else

8 ‘ M(n+1) < (ﬂ(n) +/~1max)/2

9 ne—n+l.

10 f* —f

u return f*

Until the convergence criteria ||f;) —f,_1)|| < € for € > 0
satisfied, We repeat this process. After converge, the computed

f is the principal eigenvector of Q~!(f)¥(f). The overall
process is summarized in Algorithm 1.

Now we attempt to find the desired Lagrangian multiplier u
for a given f. In the Lagrangian function (41), the Lagrangian
multiplier ¢ balances maximizing the objective function and
activating the SCNR constraint. For large u, the optimization
process pursues to increase the receive SCNR, to meet the
constraint. In this scenario, the objective function, specifi-
cally the sum SE, is not maximized efficiently. For small g,
the optimization process pursues to maximize the objective
function, while being less interested in the SCNR constraint.
Accordingly, to maximize the objective function effectively
while fulfilling the SCNR constraint, u should be found as a
proper value.

To find proper u, we adopt a binary search-based algorithm.
We set the minimum and maximum v_alues of u as pmin and
Umax- After we fine a stationary point f for given u, we verify

if Tone < Tr (GmFFHGQr) /(Tr (GchFHGg)+%a§) _1If this
condition is met, we update u smaller to search further the
stationary point with less SCNR penalty, i.e., increase the
weight on the objective function. Specifically, we decrease u
by u « (u+pmin)/2 for such a case. On the contrary, if Tgcne >
Tr (GtarFFHGgr) /(Tr (GchFHG}j]) +8 o2
Mu — (i + max)/2. Then we repeat Algorithm 1 with the
updated u. Until a convergence condition |u(,) — p(n-1)| < ¢
is satisfied for { > 0, we repeat this process. When the
problem (23) is feasible, we can compute the smallest u that
meets the SCNR requirement, and find the solution (F*, u*) in
Proposition 1. We summarize the overall optimization process
in Algorithm 2.

), we increase u as

1) Extension to Radar-Only Setup: We explain the pro-
posed optimization framework can be transformed into a radar-
only setup. In a radar-only setup, a main target is maximizing
the SCNR in (8). Then, the SCNR maximizing problem is
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formulated as

Tr (GuFFHGY,
maximize ygr = (32)
f Tr (GCIFFHGH) + %a'l%
subject to ||f]|* < 1. (33)

Through a similar process, the following corollary shows the
stationarity condition of (32):

Corollary 1. The optimal solution for the problem (32) is the
principal eigenvector of the following generalized eigenvalue
problem:

Q' (H)¥r(DF = w(DF, (34)

where g = G in (21) and Qg = Gy in (22).

Proof. Consider ||f]|? = 1, i.e., maximum transmit power. By
the similar reformulation as Lemma 1, we rewrite the SCNR
as

Gt
" FGaE

TR (35)

which is a generalized Rayleigh quotient. Because ||f]|> = 1
is inherently excluded due to scaling invariance, the optimal
solution is the principal eigenvector of Gc_lthar. [ ]

To find the principal eigenvector of (34) from Corollary 1,
Algorithm 1 can be applied to a GPI-based radar beamforming
algorithm with using Wr and Qg instead of ¥ and Q,
respectively.

IV. NUMERICAL RESULTS

In this section, we assess the performance of the proposed
methods compared to existing benchmarks. Through the simu-
lations, the number of angular sampling grids is set to L = 256
between —x/2 and 7/2 in radians. we use the channel model
in [24], to construct the channel and its covariance matrix
Kx. The channel estimation quality parameter is « = 0.3. We
consider pmin = 0 and pmax = 2000 for proposed algorithm.
Furthermore, we set all convergence thresholds as 1073 and
maximum iteration counts as 20. We also define SNR = P /o2
We assume a uniform linear array (ULA) antenna in the
simulations.

For the channels, we consider frequency division duplex
(FDD) systems. fy. is described in [25] as

N 1 ~
fiy = UiAZ (\/1 — Phy + KVk) =V1-Phe+qe,  (36)

where vi ~ CN(Onx1,In), qx is the CSIT quantization error
and « € [0, 1] is a channel quality parameter. In particular, the

1
channel estimation error covariance matrix is ®; = Ui A ,ﬁ 2-

1
2V1 - k2)AZ U

16066 -
N M= panin
% 141 Communications only
B2t Q
g1y
£ 8f
17
:.5 60— GPI-Comm =
A al —©-GPI-ISAC-SCNR
& ——WMMSE-MM
ol RZF
—E-MRT
0 7 ] . |
-10 -5 0 5 10 15 20
Target SCNR (dB)
(a) Achieved SE
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n
5]
o0
[
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=
+
%NV‘
. 7’
'
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Target SCNR (dB)
(b) Achieved SCNR
Fig. 1. (a) The ergodic sum SE and (b) the average SCNR versus target

SCNR for N =8, K =4, M =8, and 20 dB SNR.

Now, we concisely explain the conventional approach to
solving optimization problems in ISAC systems as a bench-
mark. Based on the WMMSE-MM algorithm in [16], the
optimization problem is solved as follows:

K

maxiFmize Z Ry + pa (0" )FF"a(6%) (37)
k=1

subject to ||F||g =1, (38)

where 6* is the intended radar beam angle. For reference,
we employ our binary tree search-based method to find u
that the computed F meets the SCNR constraint as same as
the problem in (9). Then, the following communication and
radar performance are assessed as a benchmark for GPI-ISAC-
SCNR for single-target and multi-target cases.

In Fig. 1, we plot the ergodic sum SE and the achieved
SCNR performance. The simulation results demonstrate that
GPI-ISAC-SCNR  significantly outperforms WMMSE-MM
and linear precoders such as regularized zero-forcing (RZF)
and maximum ratio transmission (MRT) in terms of sum SE
across the feasible target SCNR range. At lower target SCNR,
the sum SE of GPI-ISAC-SCNR and WMMSE-MM stabilizes
at different levels. Notably, the performance gap in terms of the
sum SE between GPI-ISAC-SCNR and GPI-Comm decreases
as the target SCNR decreases. This convergence occurs when
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—— WMMSE-MM (SE ~ 6 bps/Hz)
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Fig. 2. Normalized receive beam patterns of the GPI-based methods and
WMMSE-MM, with achieved sum SEs of approximately 11 bps/Hz for GPI-
ISAC-SCNR and 6 bps/Hz for WMMSE-MM.

the target SCNR falls below achieved SCNR of GPI-Comm,
allowing the target SCNR to be met with y = 0. Conversely,
the GPI-ISAC-SCNR and WMMSE-MM algorithms exhibit a
sharp decline in the sum SE beyond a certain target SCNR, as
they concentrate resources to maximize SCNR, i.e., 4 — {max.
This substantial drop of the performance is evident when
the algorithms fail to meet the target SCNR (> 11 dB), as
shown in Fig. 1(b). In the presence of clutters, GPI-ISAC-
SCNR offers a wider feasible target SCNR range compared to
WMMSE-MM. Consequently, GPI-ISAC-SCNR shows more
suitable than WMMSE-MM when dealing with significant
clutter interference.

Fig. 2 presents a normalized receive beam gain through
the angular grid. The normalized receive beam gain for 6,
is calculated as:

1
SEllaf (00)yr[’] = af

0.2
GFF'GH + ?RIN) a,, (39)

where G = Gy + G1. The attained sum SE is approximately
11 bps/Hz for GPI-ISAC-SCNR and 6 bps/Hz for WMMSE-
MM. Despite achieving the higher sum SE, GPI-ISAC-
SCNR exhibits a superior receive beam pattern compared to
WMMSE-MM. It provides a comparable main lobe for the
target angle while producing significantly lower side lobes.
The achieved SCNR for GPI-ISAC-SCNR is approximately
11 dB, while WMMSE-MM achieves approximately 6 dB. In
this regard, the proposed algorithm surpasses WMMSE-MM
with respect to beam design accuracy and the SE.

We present a quantitative analysis of radar metric such as
SCNR. This analysis is performed by evaluating the detection
probability of our proposed algorithm. For comparison, we
also evaluate the proposed algorithm in the communication-
only case. For the evaluation, we set N = 8, K = 4, and
M = 8. Then, the reflection coefficients of the targets and
clutters are set as |B:""| = 1 and |ﬁf1| = 10, Vi, respectively. We
maintain a target probability of false alarm at 10~%. In Fig. 3,
we illustrate the detection probability for multi-target cases as
a function of transmit SNR. We position the target at an angle
of —n/4,0,n/3 radians, with cluttering angles at —n/3,7/8

|| —¢— Comm-only
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Fig. 3. The detection probability for multi-target cases with N =8, K =4,
and M = 8.

radians. As shown in Fig. 3, we demonstrate that the proposed
algorithm achieves comparable detection probabilities in terms
of worst detection and average detection probability than the
comm-only algorithm. Since the proposed algorithm accounts
for cluttering during beamforming optimization, it can achieve
higher performance than the comm-only algorithm. Therefore,
the proposed algorithm demonstrates robust detection capabil-
ities in cluttered environments, effectively considering SCNR
in optimization.

V. CONCLUSION

In this paper, we proposed a comprehensive beamforming
framework for ISAC systems considering imperfect CSIT. By
utilizing the SCNR metric for a radar constraint, we developed
a communication-focused problem aimed at maximizing the
sum SE while fulfilling the SCNR constraint. Firstly, we
reformulated the problem into a vectorized joint beamformer
format to address this issue and derived the KKT stationarity
condition. regarding the condition as a functional eigenvalue
problem, we employed the GPI algorithm to find the best
stationary point. Simulation results proved that the proposed
GPI-ISAC-SCNR algorithms outperformed the state-of-the-art
ISAC algorithms in both communication and radar perfor-
mance with imperfect CSIT. In conclusion, the proposed ISAC
beamforming framework is powerful, making it applicable to
ISAC scenarios while ensuring high efficiency in communica-
tion and radar applications.
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APPENDIX A
PROOF OF LEMMA 1

Here, we transform the SCNR constraint to a log function
to make a scalable constraint of the sum SE as

G f
log, (m > log) Tscnr-

The Lagrangian function of (23) with (40) is

fHB.f Gt
( k ) +u (10g2 ( ar ) - 10g2 Tscnr)

(40)

K
L(F;p) =log, [ |

= log, A(f). 41)
Then, the stationarity condition requires
6Z(f;,,u) _ ai(f,_,u) 6/1(_f') _ 1 6xl(_f) _ @)
of oA(f) of Af) log2 of
aA(b)

Therefore, we derive the condition for === = 0 which is same

ot
as (42).
_ K _ _ _ _ -
f = B,f f arf f
(M—(_)zu(f) Z Bl _ Gl Gl __Gal
of —~ B f fHC.f G f fHGyf
=0 (43)
By rearranging the condition in (43), we have
% _
3 By Gtar 3
A f —— t+tu=——=I|f 44
nUm( ) kz:; fHka /‘lfHGtarf ( )
K _
5 Cr G o
= Aden(f — + u=——=—= | ADF. 45
k=1
This completes the proof. [ |
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