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Abstract—Integrated sensing and communication improves the
design of systems by combining sensing and communication
functions for increased efficiency, accuracy, and cost savings.
The optimal integration requires understanding the trade-off
between sensing and communication, but this can be difficult
due to the lack of unified performance metrics. In this paper,
an information-theoretical approach is used to design the system
with a unified metric. A sensing rate is introduced to measure the
amount of information obtained by a pulse-Doppler radar system.
We derive an lower bound of the sensing rate and establish
it in terms of Neyman-Pearson detector. The simulation results
explains the meaning of the sensing rate and trade-offs of sensing
and communication systems.

I. INTRODUCTION

The persistent trend of spectrum scarcity in wireless com-
munications has prompted the development of Integrated Sens-
ing and Communication (ISAC), a revolutionary approach
to provide high-speed communication and precise sensing
services within limited spectrum availability. Unlike traditional
communication and sensing systems, which are independently
designed with separate hardware platforms and orthogonal
spectrums, ISAC optimizes the system by sharing bandwidth
and hardware [1]-[5]. This joint design approach enhances
spectral efficiency and sensing accuracy, while also reducing
hardware costs. ISAC has gained popularity as a solution
for emerging applications, including autonomous driving in
vehicular networks, indoor positioning with WiFi signals, and
joint radar imaging and communication systems [6]-[11].

The integration of sensing and communication systems
presents a major challenge due to the lack of understanding
of the trade-off between their performance when sharing the
same radio spectrum. While the classical Shannon theory
[12] outlines the limit of communication systems, it remains
unclear what the maximum amount of reliable information can
be obtained from unknown objects (e.g., distances, velocities,
angle of arrivals, and reflected power levels) in a sensing
system for a given time-frequency resource. Historically, radar
systems have been designed to accurately estimate the features
of unknown objects, with mean-squared error (MSE) [13] and
Cramer-Rao lower bound (CRLB) [14] being popular perfor-
mance metrics. However, the lack of a connection between
Fisher information and mutual information in information
theory impedes the design of integrated sensing and commu-
nication systems with a unified performance metric. Thus, a
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unified performance metric is crucial for optimal integration
of these heterogeneous systems.

Significant progress has been made in recent years in
characterizing a fundamental trade-off of ISAC systems within
a unified framework. The pioneering work in [15]-[17] defines
the radar estimation rate as the minimum required bits to
encode the Kalman residual of target parameters such as
range and velocity in a target tracking scenario. Using this
notion, a trade-off between sensing and communication rates
was characterized in different resource sharing scenarios. An
information theoretic approach for an ISAC problem has also
been introduced in [18]-[21]. The works in [18]—-[20] consider
a state-dependent stationary memoryless channel where the
transmitter sends a message to a receiver and estimates the
state of the channel using a strictly causal channel output
feedback. In their setup, the trade-off of the ISAC system
was studied under the rate-distortion theoretic framework. The
work [21] considers the simultaneous binary state detection
and data communication problem and characterizes a trade-off
in terms of communication rate against the error exponent in
detecting the binary channel state. Although these prior works
have opened a new direction toward optimally integrating
the sensing and communication systems from an information-
theoretical viewpoint, these approaches still have limitations to
understanding the sensing rate for widely-used pulse-Doppler
radar systems in terms of practical system parameters such
as signal bandwidth, target parameter resolution, and target
statistics.

How much information rate is acquired by the pulse-
Doppler radar system from targets in an environment? In this
paper, we address this question by introducing a new concept
- the sensing rate of a range-Doppler radar system. This rate is
calculated as a combination of range, Doppler resolutions, and
target’s statistical distributions. Unlike previous works in [15]-
[17], [22]-[24] that utilize CRLB, our approach is based on
more practical models and assumptions of the pulse-Doppler
radar system. The key contributions of this paper are outlined
below:

« We introduce the concept of sensing rate, which quantifies
the amount of information obtained from a target in
terms of bits per channel use. By utilizing the - MMSE
relationship from [25], we derive an exact expression for
the sensing rate in integral form.
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Fig. 1. An illustration of a ISAC system model.

o We also derive a tight lower bound of the sensing rate.
This expression is valuable in comprehending how the
sensing rate varies based on system parameters. The de-
rived lower bound of the sensing rate clearly indicates that
the rate is directly proportional to the target uncertainty
in the range-Doppler plane and the target signal-to-noise
ratio (SNR). This expression establishes a connection
between information-theoretic measures and estimation-
theoretic measures, such as the minimum target detection
error probability and the minimum MSE of target RCS.
Our simulations validate the accuracy of the derived
expression.

o We numerically study trade-offs of sensing and com-
munication systems. Simulation results show that the
additional sensing bandwidth yields additional sensing
information, while additional power serves additional
sensing information only when the sensing system is in
power-hungry state.

II. SYSTEM MODEL

In this section, we present an ISAC system model. As
illustrated in Fig. 1, an ISAC transceiver sends a pulse train
and receives echoes for sensing an unknown environment.
Meanwhile, it also transmits a message to a receiver for
communications. The total system bandwidth is assumed to be
B, and the sensing and communication systems use a fraction
of the total bandwidth, i.e., Bs = AB and B. = (1 — \)B
for A € [0,1]. We explain the signal models for the sensing
system, and then define the performance metric for the ISAC
system.

A. Pulse-Doppler Radar and Range-Doppler Map
The radar sends signal x(t) comprised of M narrowband
pulses g¢(t) with pulse repetition interval (PRI) T}, during
coherent processing interval (CPI) as
M—1
z(t) =y g(t —mTy),
m=0
where the pulse g(t) has the bandwidth of By = 1/T, and
transmit energy fOTS g(t)|?dt = P,T,. This transmitted signal
is reflected by targets in an unknown environment.

0<t<MT, (1)

We adopt the Swerling I target model [26]. This target
model has been widely used to capture a static environmental
scenario in the time scale of CPI. In this model, L non-
fluctuating point targets are well-spread during CPI, and L
targets are assumed to be statistically independent. Each target
is defined by three parameters: i) range dy, ii) radial velocity
vg, and iii) complex amplitude H, for £ € [L]. The range
and the radial velocity of target ¢ correspond to round-trip
time-delay 7 = 2d;/c and normalized doppler frequency
vy = 2fcvp/c. The complex amplitude H, is assumed to
be drawn from IID complex Gaussian with mean p7, and
variance o7, i.e., Hy ~ CN (1,07 ,) for £ € [L].

In addition, we assume that the radar system operates under
the following target assumptions:

o The target parameters {7, vy, H 2}£L:1 are constant during
CPI. This implies that the target state changes slowly.

o Target range and velocity are limited such that the follow-
ing conditions 1) 7¢/Ts = Uy for U, € {0,...,N—1} and
N = |T,/T|, i) veTp, = Vo /M for V, € {0,..., M—1},
and iii) (7¢,v¢) # (7¢,v4) for £ # ¢ are satisfied. That
is, every target is on the Nyquist sampling grid after
sampling with rate 1/7, and separable.

The continuous-time baseband received signal from the
target reflections during CPI is given by

M-1 L
y(t) = > > \/BeHpg(t — 7o — mT,)el ™! k),
m=0 /=1

2

where w(t) is the complex additive white Gaussian noise with
mean zero and variance BsNg, which is defined as the product
of signal bandwidth By and noise spectral density Ny. In
addition, [, is the received signal power from the /th target
reflection, which is defined by the classical radar equation:

o Pth UrcsAeff

B = 47rd§ 47rdf ’

3)

2 and

where 0,5 denotes the RCS of a target measured in m
Acg is the effective area of the receiving antenna.

The classical pulse-Doppler radar system performs two
sequential post-processing: i) fast-time and ii) slow-time pro-
cessing on (2) to estimate target parameters {7, Vg,Hg}ZLzl.
After post-processing, the received samples constitute range-

Doppler map, which is modeled by

Yn,k =V Snran,k + Zn,ka (4)

where Z,, . is the normalized noise, which follows the com-
plex Gaussian with zero-mean and unit variance, i.e., Zy i ~
CN(0,1), and X,, x, is the target signal, given by

L
Xnk =Y Hidln — Udé[k — V. (5)
{=1

The derivation of (5) is further illustrated in Appendix I.
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From (5), we model that target returned signal X, j is
distributed as a Bernoulli-Gaussian (BG) random variable, i.e.,

1 (mn,k_I‘T)z

(1=)d(@n k) +7-— T, (6)
T

an,k (‘rn,k) =

where 7 € (0,1) determines the probability that X, ; is
a non-zero value. We shall use a short notation X, ~
BG(z|ur,0%,7) in the sequel.

Remark 1: The parameter v determines the sparsity level of
Xk in the range-Doppler plane. This parameter -y contains a
prior knowledge about environment. For instance, if the system
is blind to the environment, one can choose v = 1/2. However,
when L targets on average have been detected in the previous
CPIs, one can choose v = ﬁ In this work, we focus on the
specific CPI and assume v to be a pre-determined parameter.

B. Performance Metrics

We shall characterize the sensing spectral efficiency of
the pulse-Doppler radar system. An information theoretical
approach to measure the information rate between X,, ;, and
Y, 1 1s given by

R, i(snry) = I(Xp k3 Yo k) (bits/sec/Hz), 7

forn € {0,1,...,N —1} and k € {0,1,...,M — 1}. It is
noteworthy that the number of range bins N depends on the
sensing bandwidth according to the Rayleigh criterion, which
states that the range resolution is the inverse of the signal
bandwidth [13]. This mutual information measures the amount
of information acquired from the environment placed at the
(n, k) range-Doppler bin. Since the mutual information differs
across the range bins only, we define the average sensing rate
as
—1M-1

M Z Z R, k(snry,) (bits/sec).

n=0 k=0

Ry(Bs,snry,)

This average information rate is the amount of information
attained by sensing the target environment per second.

For the communication system, we consider the Gaussian
channel. In the Gaussian channel, the communication rate with
bandwidth B, is given by

R(Bc,snrc) = Belogy(1 + snr.) (bits/sec), 9)

where snr. is the received SNR of communication system.
Intuitively, increasing power and bandwidth for the range-
Doppler radar system can improve sensing rate Ry while
decreasing communication rate R.. As a result, it is crucial to
understand a trade-off between the sensing and communication
rates according to the system resources. To measure this trade-
off, we define a weighted sum spectral efficiency as

ws Rs(Bs, snry,) + weRe(Be, snre)

Rsum =
B. + B,

(bits/sec/Hz),
(10)

where wg and w, are weights for sensing and communication
rates, respectively.

Remark 2: The system weights wg and w,. can be chosen
according to priority aspects of sensing and communication
functions. For instance, the communication system for emer-
gency broadcasting system is assigned higher weight than
system for usual data transmission. The intrinsic disparity
of two system can be incorporated into those weights [17].
The sensing system requires more power to obtain 1 bit than
communication system because sensing system is regarded
as uncooperative communication system. The high power
demanding system weight can be assigned to be higher than
other systems.

III. SENSING RATE CHARACTERIZATION

In this section, we express the sensing rate in terms of
estimation-theoretic quantity by applying the I-MMSE rela-
tionship in [25]. In addition, we provide the lower bound of
the sensing rate, which is expressed in terms of quantities of
detection theory.

A. An Exact Expression

The I-MMSE relationship is a foundation that provides a
deep connection between an information- and an estimation-
theoretic quantity [25]. The I-MMSE relationship states that
the integration of MMSE is the mutual information for an
arbitrary target distribution fx, , (xn %) with a finite moment

E Xik < oo [25]. As a stepping stone, we provide the
MMSE estimator and the resultant MMSE.

Lemma 1: The MMSE estimator for the target signal in the
(n, k) range-Doppler bin is given by

e (Yn, ks SnFn)

= E[ n,k|YnAk = Yn,k; Snrn]
pr + 1‘iﬁf (Yn,k — /ST LT) 0

o |2 Lk = VR 12
1—v 2 I
1+ =2 (snrpof + 1)e

1Yn ks —
snry, 012.4-1

The resultant MMSE is given by

2
mmse,, i (snr,) = E|:<Xn,k: - A,’;“,',’gse(Yn,k)) ;snrn} (12)
Proof: See Appendix II-A. ]
Using the derived MMSE expression, the sensing rate is given
by the following Theorem.
Theorem 1: The sensing rate R, (snry,) = (X, 15 Yo k)
for (n, k) range-Doppler bin is given by
snry,
Ry, k(snry,) = log,y e/ mmse,, 1 (s)ds. (13)
0
Proof: The proof is the direct consequence of the I-
MMSE relationship in [25]. [ |
From Theorem 1, it is evident that the information rate is
an increasing function with snr,, by the non-negativity of
mmse,, 1 (s) for s > 0. Although the expression in (13) is exact
and has full generality, this analytical expression of the sensing
rate is intractable to understanding how the target parameters,
(ut,071,7), change the information rate.

248



) Pie & R £ -
o 04 ‘._,x,/ o v L 0AF S e e
g S X
03 e 04 s 03 e
,tl ." ,."
o J o
02F ¢ s 0.2 2
I-’ ——SNR=0dB 0.2 ,.' ——SNR =0dB ——SNR =0dB
0.1k ---SNR=5dB ; - - -SNR=5dB 0.1 ---SNR=5dB
y o’ -
----- SNR =10 dB --=-=SNR = 10 dB =-=-=SNR =10 dB
0 0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
False alarm probability False alarm probability False alarm probability

(@vy=02

(b)y=0.5

©)v=038

Fig. 2. Remaining uncertainty Hyp (7, Pra, Pmp) after detection and false alarm probability Pga when applying NP detector. The circle marker is obtained

by MAP detector. Target statistics: ut = 1, a.?_ =0, snry, € {0,5,10} [dB].

B. A Lower Bound

Before deriving into a lower bound of the sensing rate,
which provide a connection to classical radar detectors, we
briefly review Neyman-Pearson (NP) detector. Let us consider
a binary target detector g(-) : C — {0,1} which maps
received signal Y, ;, to a binary value according to the target
presence. Armed with this binary detector, we define two types
of probability errors as

PFA(SI’H’”) P[Q(Yn’k) =1 | Xn,k = O],
PMD(Snrn) = ]P)[g(}/n,k') =0 | Xn,k' 7é O], (14)

where Pra is false alarm probability and Pyp is misdetection
probability. Then, an average probability error is given by

Pe(y,snr,) = yPup(snry,) + (1 — ) Pea(snry,). (15)

The NP detector minimizes the misdetection probability
among all detectors with false alarm probability no greater
than threshold Pra. According to the celebrated NP rule, the

NP detector boils down to likelihood ratio testing given by

0 P(Yy, k| Xn,7#0)
7 P(Yn k| Xn,k=0) ’
P(Yo k| Xn,k#0)
1’ P(Yn,klxn,kzo) > 5

e (Vi) = {

Here, the threshold § is determined by the maximum ac-

ceptable Pra. As a note, it is worthwhile mentioning that a

maximum a posterior detector is equivalent to the NP detector
if the threshold parameter is chosen as § = (1 — v)/~.

To find the error probability expressions, we define the

region as

n C . . o o. 17
{y e P(Yo k| Xnk = 0) g a7

Then, the false alarm probability Pra and misdetection prob-
ability Pyp when using the NP detector are given by

A(snry,)

Now, we are ready to present a lower bound of the sensing
rate.

Theorem 2: Let Hy(p) = —plogp — (1 — p) log(1l — p) be
a binary entropy function with parameter p € [0, 1]. Then, the
sensing rate for the (n, k) range-Doppler bin I(X,, 1; Y, ) is
lower bounded by

I(Xn,k; }/n,k)

2 Hb(ry) - HNP(’-Y7 PFAvaD) + FylogQ(l + snrna%),
(20)

where Pra and Pyp is the false alarm and mis-detection error
probability of (16) and

Hwe (7, Pra, Pvp)

= Hy(7v) + (1 = v)Ho(Pra) + YHp(Puvp)
—Hy((1 =9)Pea + (1 = Pup)). (2D
(16) Proof: See Appendix II-B. [ ]

Theorem 2 elucidates how the sensing rate changes accord-
ing to the target parameters and target detector. To be specific,
the sensing rate can be decomposed into three parts. The first
part Hp(y) measures the uncertainty of the target localized at
a specific (n, k) range-Doppler bin. In other words, this part
provides the target’s location and velocity information in a
two-dimensional data matrix. This information rate increases
when target presence probability v is close to 1/2, which
aligns with our intuition that more underlying uncertainty
about target presence increases the sensing rate. This in-
formation rate, however, is reduced by the target detection
error, Hnp(7, Pea, Pup). As a result, the sensing rate can
diminish as the error probability increases (e.g., low SNR

Pra(snry) = / L eiay (18) . . i
yeA(snry) T or using sub-optimal detectors) as shown in Fig. 2. The last
and part log, (1 4 snr,,0%) measures the amount of information
1  ly— g l? rate acquired from the target’s returned signal under the
Pyp(snr,) = / ——————¢ oty target presence with probability ~. This rate is proportional to
yEA(snry) m(snr,o7 +1) (19) both the target’s presence probability + and the target signal

variance o2 for given SNR.
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I'V. NUMERICAL RESULTS

This section presents the numerical simulation results of the
sensing rate and its trade-off of sensing and communication
systems.

A. Sensing Rate

We verify the Theorem 2. In addition, we decompose the
sensing rate into two types of information to obtain a more
detailed understanding.

Tightness of the lower bound: We provide numerical
results to verify the exactness of the derived rate expression in
Theorem 2. Fig. 3 shows that our lower bound expressions are
very tight at all SNRs. The gap between exact rate and lower
bound implies the loss of information after hard-decision.

The decomposed information: To shed light on the be-
havior of sensing rate, we provide numerical results of target
detection information and target fluctuation information sepa-
rately in Fig. 4. We define i) a binary random variable U, ;, €
{0, 1} with Bernoulli parameter + to denote the target presence
at the (n, k) range-Doppler bin and ii) the target complex
amplitude parameter A,, ;, which is drawn from CN (uT,0%).
Then, our BG target signal X,,  ~ BG(z|ut,02,7) can be
represented in a vector form (U, , Ay, ) and the sensing rate
is decomposed as

I(Xng; Yor) = I(Un i Yor) + v1ogy (1 4 snr,o7). (22)

Here, we name I(U, r; Yy ) as target detection information
and I(Ay 1; Yo k|Unk = 1) as target fluctuation information.

Fig. 4 shows the behavior of two types of information rate.
The target detection information is dominant in the low SNR
regime, and the target fluctuation information is dominant
in the high SNR regime. It means that the target detection
ability is important at low SNR. At the high SNR regime, the
target signal estimation precision contributes to the sensing
rate rather than target detection accuracy. Especially in Fig. 4-
(b), the target detection information decreases as the target
fluctuation or% increases because the fluctuation hinders the
target detection; thereby, more uncertainty is remained after
the decision. The decomposed information explains the shape
of curve in Fig. 3 as well.
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Fig. 4. Tllustration of decomposed sensing rate. Target signal statistics: (a)
v € {0.1,0.5,0.9}, ur = 1, and 02 = 102, (b) v = 0.5, p1 = 1, and
02 e {1071,1072,1073}.
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Fig. 5. Trade-off of sensing and communication systems. Target signal
statistics: ¥ = 0.1, ur = 1, and 02 = 1072, (a) B = Bs = 100 MHz and
snre + maxp (snry,) = 100 dB. (b) snre. = 20 dB, snre + maxy(snry) =
100 dB, and B; + Bs = 200 MHz.

B. Information Rate Trade-off

We use the Rayleigh criterion to determine the range
resolution and sensing bandwidth. The maximum detection
range is set to be 10 km. Fig. 5 presents the information rate
trade-off of sensing and communication systems for various
system weights. From the power trade-off, we can observe the
threshold related to power efficiency. In contrast, the additional
sensing bandwidth increases sensing rate. This result from the
constant ~y. Increasing the sensing bandwidth improves the
resolution of range-Doppler map, and the increased resolution
gives more chance to discover new targets in the environment.

V. CONCLUSION

By utilizing an information-theoretic approach, we evalu-
ated the performance of the ISAC system by characterizing
the amount of information that the pulse-Doppler radar can
obtain. First, we defined the sensing rate of an unknown
environment when using the pulse-Doppler radar and estab-
lished connections with various radar system parameters and
Neyman-Pearson detector. Then, by incorporating the sensing
rate and Shannon’s communication rate into the ISAC system,
we numerically study trade-offs of sensing and communication
systems. The major implication was that the trade-off rate
of additional power and bandwidth to information rate is
different. Simulation results also verified the exactness of the
derived lower-bound expression.
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APPENDIX |
RANDE-DOPPLER MAP MODEL

Let x,,,(t) be the noise-free received signal during the mth
PRI, which is defined as

L

T (t) = Z VBeHg(t — 70 — mT,)e 2w mviTy

(=1

(23)

for mT, <t < (m+ 1)T,. Using x,,(t), we can rewrite the
received signal in (2) during the mth PRI as

Ym (1) = T () + win (2), 24
where x,,(t) and w,,(t) are the fraction of x(¢) and w(t) for
mI, <t < (m+ 1)T,. The noise-free returned signal ., (¢)
can be interpreted as the transmitted signal by the environment,
i.e., a target signal. As a result, from a communication system
perspective, the target signal plays the role of the transmitted
signal by the targets.

1) Radar post-processing: The main task of the pulse-
Doppler radar is to identify 3L parameters {7¢, v, Ho}l,
from the received signal y(¢) during CPI as in (2) and (23).
To this end, the classical pulse-Doppler radar system performs
two sequential post-processing: i) fast-time and ii) slow-time
processing. Applying the post-processing, we can obtain a
discrete-time equivalent signal model.

Fast-time processing: The fast-time processing allows ob-
taining the discrete-time samples of the returned signal using
matched filtering and sampling. After the matched filtering and
sampling at the Nyquist rate Ty = 1/ B, the receiver obtains
the discrete-time samples.

Let Yy,m, Xo.m, and W, ,,, be the discrete-time received,
target, and noise signals for the nth range bin during the mth
PRI. Using these notations, we can rewrite the continuous-time
input-output relationship in (24) as

Yn,m = Xmm + Wmma (25)
where Wmm follows the complex Gaussian with zero-mean
and variance BsNo, i.e., Wy m ~ CN(0, BsNy) and X,,
contains the target information for the relevant parameters
{Tg,Vg,Hz}lel as defined in (23). Suppose the /(th target
exists in the nth range bin, ie., |7¢/Ts] = n for n €
{0,..., N — 1}. In this case, the target signal is defined as
X’nym = /BeHe 72™meTy  Whereas, if a target is absent in

the nth range bin, X, ,,, is assumed to be null, i.e., X,, ,, = 0.
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Using unit impulse function §[n], we can define the discrete-
time target signal X, ,,, in compact form:

L
Xpom = Z VBeH[n — Ule32mmueTy
{=1

where Uy = |7¢/Ts| € {0,...,N — 1} is discrete random
variable indicating the range information for the /th target.
Slow-time processing: In the pulse-Doppler radar system,
the receiver also performs the matched filtering along the pulse
dimension to increase the received power of the target signals.
Recall that 0 < vT;, < 1 and the Doppler resolution is
1/MT},. The limited Doppler resolution allows distinguishing
target Doppler frequencies in the discrete set, ie., v, €

(26)

{o, L, ..., =1} With the discrete Doppler frequencies, the
target signal in (26) boils down to
L
K = 3 VBHln — UJe 2% 27
=1

where V; € {0, ..., M —1} represents the Doppler bin index of
the /th target. For given range bin index n € {0,1,..., N—1},
the receiver takes an M -point discrete Fourier transform (DFT)
operation as

M= 2nk
b —i%km
L
= \/]5\4 Sn—U Y mim (5%t ) (28)
=1
27V,

m=0
-1 jm(T*%) _ _
Using the fact that S " = Mk — Vi,
we can represent the (n, k) entry of the target signal as

L
Xok =Y/ MByH[n — Ugd[k — V.
=1

2) Discrete-time signal model: Let snr,, be the signal-to-
noise ratio (SNR) of the nth range bin. From the radar equation
in (3) and the target signal model in (29), the SNR under the
target’s presence in the nth range bin is defined as

s M P t Gt UrcsAeff
nrp = = ’
Bs N, o (47T )2d4
where d, denotes the average distance from the nth
range bin to the recelver 1 e d, = %. De-
. 2rmk
notlng Y, k = W Z - and Z,p =
W Z meld T3 the d1screte—t1me input-output sig-
nal relatlonshlp for the (n, k) range-Doppler bin is given by

Yn,k = Snran,k + Zn,ka (31)

where Z,, . is the normalized noise, which follows the com-
plex Gaussian with zero-mean and unit variance, i.e., Z, j ~
CN(0,1), and X1 1s the target signal, which is defined as

M—-1

o~

(29)

(30)

71 ’l’ﬂej

L
Xk =Y Hid[n — Ug)d[k — V.
{=1

(32)

APPENDIX I
PROOFS OF THEOREM

A. Proof of Lemma 1
To compute the MMSE estimator, we need to compute

the expectation of X, ; given Y,, 1, = yp k. This conditional
expectation can be decomposed into as

E[Xn,k‘yn,k - yn,k}
= E[Xn,kD/vL,k = Yn,k> Xn,k = O}P[Xn,k' = O|Yn,k = yn,k']
+ E[Xn k| Yok = Ynk> Xng 7 0P X0k # O0Yo ko = Yn k]

= E[Xn,k|yn,k: = Un,k, Xn,k 7é O}P[Xn,k 7& 0|Yn,k = yn,k]a
(33)

where the last equality follows from E[X, x|Y,r =
Yn.k, Xn,k = 0] = 0. To this end, we need to calculate both
E[Xn,knfn,k = yn,kan,k 7& 0] and ]P)[Xn,k 7é O|Yn,k = yn,k]-
In the case of X, # 0, Yo 1 = \/snr, X 1 + Z,, 1 follows
the complex Gaussian with mean ./snr,ut and variance
snr,o% + 1, ie., CN(\/snr,put, snr,0% 4 1). In this case, the
MMSE estimator is given by

E[Xn,k|yn,k - yn,lan,k # 0}
\/snr,o%
= Hs — o5 < \Yn,k — n . 4
Wsfr + snrna%—i—l(y & — /SN ) (34)
From Baye’s rule, we compute
P[Xn,k 7& O‘Yn,k = yn,,k}
_ P[Xn,k 7& 0|Yn,k = yn,k]P(Yn,k = yn,k)
]P)(}/n,k = yn,k)
_ ( n,k 7é 07 Yn,k = yn,k)
]P)( n,k — O Yn k = yn,k) + ]P)(Xn,k 7& 07 }/n,k = yn,k) .
(35)
The joint probabilities are computed as
P(ka = O7Yn,k: = ymk)
= P(Xn,k = O)P(Yn,k - yn,k‘Xn,k = 0)
1
=(1—q)=e lwmsl (36)
T
and
P(X”JC 7é O Yn k= Yn, k)
:]P)( nk#o)( k:—Z/nk‘)(nk?’é )
1 _ k= vErpTl?
=7 x snrna%+1 (37)

m(snr,o2 + 1) N
Invoking (36) and (37) into (35), we obtain the probability
that the target is absent in the (n, k) range-Doppler bin as

P[Xn,k 7é 0|Yn,k = yn,k]

\yn,kfx/sn'nuﬂ(‘)
1 - snrpo2+1
Vw(snrna%%»l)e i
o 1Y,k — mmZ
L o=y il 1 o Tt
(1 V)ﬂe K +77r(snrna$.+1) T
1
= . 38
]2+ Y,k — VS T2 (38)
1— n.k p)
L+ =2 (snryof + L)e ol
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By plugging (34) and (38) into (33), we finally obtain the
MMSE estimator as in (11). This completes the proof of
lemma.

B. Proof of Theorem 2

We first define a binary random variable U, € {0,1}
with Bernoulli parameter ~ to denote the target pres-
ence at the (n,k) range-Doppler bin. Similarly, we intro-
duce the target complex amplitude parameter A, ,, which
is drawn from CN(ut,0%). Then, our BG target signal
Xk ~ BG(z|uT,0%,7) can be represented in a vector form
(Un ks An k). Using the chain rule, we decompose the mutual
information as

I(ka;Yn,k)
= I(Un k> An ks Yo 1)
=I(Uni; Ynr) + I(Ank; Yo k|Un k)
=I(Uni;Ynr) + (1 =) I(Ank; Yo klUnik =0)

+ ’VI(An,Iw Yn,k|Un,k = ]-)

= I(Up; Yo i) +71logy (1 +snr,o%), (39)

where the last equality comes from I(A,, x; Y £|Un i = 0) =
0.

We consider the NP detector to obtain the lower bound of
I(Up, ;Yo ). Let Ymk be the output of the NP detector. Then,
we can form the Markov chain U,, ,, — Y, 1, — Yn, . From the
processing inequality, we have I(U, k; Yy 1) > I(Up k; f/'nk)
By noticing that U, ; and ank are the input and output of
a binary asymmetric channel, we can lower bound the target

detection information as

I<Un,k7 Ymk) Z I(Un,k:; Yn,k)
= Hy((1 —v)Pra + (1 = Pup))
— (1 —v)Hu(Pra) — yYHo(Pup)-

Plugging (40) into (39), we obtained the expression, which
completes the proof.

(40)
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