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Abstract—Use of multi-path network topologies has become
a prominent technique to assert timeliness in terms of age of
information (Aol) and to improve resilience to link disruptions in
communication systems. However, establishing multiple dedicated
communication links among network nodes is a costly endeavor.
Therefore, quite often, these secondary communication links
are shared among multiple entities. Moreover, these multi-
path networks come with the added challenge of out-of-order
transmissions. In this paper, we study an amalgamation of the
above two aspects, i.e., multi-path transmissions and link sharing.
In this setting, we devise age-minimal scheduling schemes for a
status update system composed of multiple sources sharing a
single-server while having a separate dedicated server for each
source so as to improve its timeliness.

I. INTRODUCTION

Timeliness has become an indispensable feature that needs
to be integrated into communication systems spanning from
internet of things (IoT) applications [1] to cislunar communi-
cations [2], [3]. Vehicular networks used in autonomous driv-
ing, remote surgery systems, uncrewed lunar landing missions
are a few avenues where timely communication is critical
[2]-[5]. Therefore, the design of network infrastructure and
development of sampling and scheduling policies to improve
the timeliness of communication has been a broadly pursued
research direction in the recent literature.

Age of information (Aol) has become a prominent metric
of interest to quantify timeliness in communication systems
[6]. A majority of the existing literature on timeliness of
communication revolves around minimizing the time aver-
aged Aol of status update systems. Recently, some of these
efforts have shifted towards the analysis and optimization
of status update systems with path diversity, i.e., systems
with sources receiving service from multiple servers. Path
diversity is a simple but effective design technique to improve
upon the timeliness of communication [7]. However, despite
their efficacy, these multi-server architectures suffer from a
phenomenon known as out-of-order transmissions since the
packets may not have to be received in the same order they
were generated due to the availability of multiple paths for
a single information source. This makes the Aol analysis an
arduous task. Therefore, most recent works have been limited
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Fig. 1: Shared server status update system with N sources.

to either the Aol analysis of single-source multi-server systems
or the construction of scheduling policies for multi-source
single-server systems.

In this work, different from the approaches so far, we study a
status update system that brings together the essence of single-
source multi-server and multi-source single-server systems. In
particular, we envision a system where multiple sources are
scheduled through a single shared server, but in addition, each
source has its own dedicated server with its unique service rate
which may be different than others; see Fig. 1. These types of
systems arise naturally in applications such as wireless relay
networks [8] and mobile edge computing systems [9].

We study this hybrid status update system with generate-
at-will (GAW) transmissions and present several age-agnostic
scheduling policies for source transmissions across the shared
channel (link). We analyze the Aol of the hybrid system
under cyclic and probabilistic schedulers where we employ
an absorbing Markov chain (AMC) formulation to tackle
the complications arising from out-of-order transmissions. We
provide the optimal probabilistic scheduler and present several
heuristic-based cyclic schedulers which have superior Aol
performance compared to the optimum probabilistic scheduler.

II. RELATED WORK

One of the earliest works in the domain of multi-server
systems roots back to [10] which uses a stochastic hybrid
system (SHS) formulation to derive the expression for the
average Aol of queues in tandem and later this analysis was
expanded to queues in parallel in [11]. Both of these works
revolved around the random arrival (RA) model where the
status generation is governed by a Poisson arrival process.
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SHS method was used in [12] to obtain the average Aol
of dual queue/server status update system under the GAW
model introduced in [13] for status generation. In [14], the
AMC method was introduced as an alternative to SHS and it
was used to derive the exact distribution of the steady state
random variable associated with the Aol process of a single-
server queue under a GAW model. This method was later
utilized in [15] to develop a freeze and preemption policy
to further improve the Aol of the dual-server status update
system introduced in [12]. The effect of multiple parallel
transmissions on the timeliness of status update systems was
studied in [16] by employing the SHS method. All these works
demonstrate the value of path diversity in networks for timely
communication, resulting in substantial reduction in the Aol.

The closest to our work is [9], where the authors study a
system of multiple sources where each source probabilistically
opts to either process the data locally or through a shared edge
server. This scenario was modeled as a push-based queuing
system with multiple parallel servers and a single shared
server under an RA status generation process. Moreover, the
shared server is assumed to follow a last-come-first-serve
with preemption policy which allows the use of the SHS
method to find the average Aol and employ a mean field game
model to optimize for the processing power and the selection
probabilities of individual sources in the large population
regime. This work does not encapsulate the essence of a
scheduling problem but rather that of a game theory problem,
where each source tries to maximize a local objective while
accounting for the interference from other sources. In contrast
to [9], in this work, we study a pull-based status update system
with non-preemptive servers under a GAW model, explicitly
focusing on the regime of age-agnostic scheduling schemes.

III. SYSTEM MODEL

Consider the multi-source dual-server (one dedicated server
and one shared server for each source) status update system
shown in Fig. 1, where each source has a dedicated channel to
the remote monitor along with access to a single channel which
is shared among all the sources based on a suitable scheduling
policy. All of the channels are modeled with exponentially
distributed service times. We assume a GAW model for the
status generation process where each server immediately sends
a pull request to one of the sources once it has finished
transmitting (serving) the previous source packet. Thus, in this
system, we have work-conserving servers that never idle.

Let S, for n € {1,2,...,N} denote the direct channel
(dedicated server) between source-n and the remote monitor
with an exponentially distributed service time with parameter
tn. Let S denote the shared channel (shared server) among
the sources whose exponentially distributed service time for
any of the sources has the service rate u. We denote by
A, (t) the associated Aol process of source-n updates, which
is a random process which linearly increases with time until
the remote monitor receives an update from source-n with
a fresher timestamp upon which the process drops to the
service delay of the freshest source-n update. Since each

source has two possible pathways for transmission, the updates
that arrive at the monitor, can occasionally be out-of-order.
In the event that we receive an older timestamp due to out-
of-order transmissions, that particular update will simply be
discarded by the monitor without decreasing the age.

We define A = Zgil wpA, as the weighted Aol where
25:1 w, = 1 and w, is the source specific weight assigned
to source-n. Here, A, (t) is the Aol process for source-n
maintained at the remote monitor and A, is the steady-
state random variable associated with the process A, (). The
goal of this work is to devise scheduling policies for source
transmissions across the shared server so as to minimize the
expected weighted Aol of the status update system.

IV. SCHEDULING POLICIES

To minimize the expected weighted Aol, we need to
schedule the source transmissions through the shared server
appropriately. Since we consider a GAW model with work-
conserving servers, the scheduler must decide which source
it must schedule once the current transmission through the
shared server has finished. Due to the lack of communica-
tion between the scheduler and the dedicated servers (for
each server/channel, we assume that the remote monitor only
provides feedback for their respective channel transmissions
and nothing more), the scheduler does not have the neces-
sary information to decide whether the current data packet
it is transmitting is obsolete (packets which are ultimately
discarded) or not. This along with non-preemptive servers
ensures that the packets can be discarded only once they reach
the remote monitor. This renders any estimates of the Aol
processes made at the scheduler side inaccurate and makes
the use of age-dependent scheduling policies infeasible.

Therefore, in this paper, we consider only age-agnostic
policies due to their simplicity, and also the lack of a need
in such policies to maintain an exact replica of the Aol
processes at the scheduler. Next, we describe the two age-
agnostic scheduling schemes studied in this paper.

A. Probabilistic Scheduler (PS)

In the probabilistic scheduler (PS), once the shared server
becomes free, the next source transmission is selected based on
a probability mass function (pmf). Let {p1, p2, ..., pn } denote
this pmf. In particular, source-n is scheduled for transmission
with probability p,, once the current transmission is over.

B. Cyclic Scheduler (CS)

In the cyclic scheduler (CS), source transmissions are sched-
uled based on a fixed finite pattern which repeats itself. For
example, let N = 4 and also let C = [1,2,2,3] be the
cyclic pattern and C,, be a sample obtained from source-
n. Then, the source transmissions on the shared server will
be C1,C5,Cs,C3,Cq,C5,Cy, Cs, .. .. Note that, even though
we have four sources, based on the pattern C, we will never
allocate a scheduling instance for the fourth source. This is
to highlight the fact that any pattern which schedules at least
one source schedule instance is a feasible cyclic schedule. In
other words, the shared server need not cater to all sources.
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Fig. 2: Dual-server sub-problem for probabilistic scheduler (PS).

V. Aol ANALYSIS

The Aol of source-n depends only on the transmissions em-
anating from its dedicated server and the shared server. When
the shared server is occupied by another source transmission,
from the perspective of source-n, it is as if the shared server
is taking a vacation with rate p. Therefore, one can reduce
the N-source, N + l-server problem into N single-source
dual-server problems, where the shared server takes a vacation
based on either some probability (for PS) or according to a
cyclic schedule (for CS) from the perspective of source-n.
Fig. 2 illustrates the dual-server sub-problem for the PS.

Finding the average Aol of the dual-server problem is not
a simple task. Due to the out-of-order arrival of packets at the
remote monitor, the traditional graphical area based compu-
tation is not feasible in this scenario. Therefore, we employ
the absorbing Markov chain (AMC) formulation, which was
introduced in [14], for this purpose.

The key idea of the AMC method is to model the sample
path followed by a newly joining packet into the system
until it is successfully received (without being obsolete) by
the remote monitor. Note that a single Aol cycle begins
upon the successful reception of a packet and will continue
to linearly increase until the next successful reception. Let
P be a packet that just entered the system. At this time
instance, we will initiate our AMC and we let it evolve until
P is successfully received. The time at which P becomes
successful will correspond to the beginning of a typical Aol
cycle (see Fig. 3). In this case, we let the AMC further evolve
until the next successful reception of a packet and consider
this to be one absorbing state of our AMC. This absorbing
state corresponds to a successful reception of a new packet
following the successfully-received packet P, and therefore,
is termed as the successful absorbing state. In the event that
P becomes obsolete because a packet with a later timestamp
has arrived at the remote server before P, then we consider that
the AMC gets absorbed into another absorbing state termed
as the unsuccessful absorbing state.

To compute the average Aol using the AMC method, we
require the generator matrix of the AMC and the initial prob-
ability vector of the transient states of the AMC. Therefore,
the Aol analysis using an AMC involves three main steps for
a given source-n:

1) construction of the AMC,

2) construction of a recurrent Markov chain (RMC) to
compute the initial probabilities of the AMC,

Aol cycle

xfa ‘— P successful
.
&0

B
<,
.

N P enters the system t

Fig. 3: Sample path of the Aol of source-n with the subsequent states of the
PS AMC.

3) computation of the mean of A,,.

This procedure needs to be repeated for all sources.
Let Q be the generator matrix of the AMC obtained in the
first step above, which is defined as follows,

(D

where U is the sub-generator matrix governing transitions
among the transient states, V' is the sub-generator matrix
representing the transitions from the transient states to the
two absorbing states, and O stands for a matrix of zeros of
appropriate size. Let o be the initial probability row vector of
the transient states. Then, it is shown in [15] that the average
Aol for source-n can be found as follows,

ocU~20

oU-1¢’
where 0, termed as the transient vector, is a binary column
vector of the same size as o with ones in the entries corre-
sponding to the transient states during which the packet P
(which initiated the AMC in the first place) had already been
successfully received by the remote monitor. On the other
hand, o is zero for states during which the original packet P is
still in the system. The distribution and higher-order moments
of A, can also be obtained using the method of [14] but our
focus in this paper is only on the mean Aol for source-n.

Now, we will present the AMC construction for the dual-
server sub-problems for PS and CS.

E[A,] = )

A. Probabilistic Scheduler (PS) Aol

We analyze the Aol of PS for the dual-server sub-problem
first. For PS, once the shared server becomes free, it will pull
a packet from source-n with probability p,,, or will go on a
vacation with probability ¢, = (1 — p,,). Let P be the packet
that initiates the AMC and let P,, and P be typical packets
in server S, and server S, respectively. Let the timestamps of
the packets in S,, and S be denoted by 7,, and 7. Based on
at which server a newly arriving packet P joins the system,
the corresponding timestamps of packets in the servers, and
whether S is on a vacation or not, we identify 12 states for
the evolution of the AMC. These states are given in Table L.

The transitions between the states occur when either the
dedicated server becomes free and pulls a new source-n packet
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State Description
1 P on S, S on vacation
2 Pon S,, Sbusy, T, >T;
3 Pon S,, Sbusy, T, <T;s
4 Pon S, S, busy, T,, < T
5 Pon S, S, busy, T, > T
6 P, on S, up to date, S on vacation
7 P, on S,, up to date, P; on S obsolete
8 P, on S, obsolete, Ps; on S up to date
9 P, on S, up to date, P; on S up to date
10 P, on S, obsolete, S on vacation
11 Unsuccessful absorbing state
12 Successful absorbing state

TABLE I: States of AMC for PS sub-problem for source-n.

into the system or when the shared server becomes free and
decides to go on a vacation or pull a new source-n packet.
We provide detailed descriptions for a few states transitions
of the above AMC. The rest of the transitions are summarized
in Table II and follow similar arguments.

o When in state 1, the packet P, which initiated the AMC,
will be successfully received by the remote monitor with
rate p,. In this case, a new up-to-date (not obsolete)
packet will be pulled from source-n into the dedicated
server, and hence, the ACM transitions to state 6 with
rate u. In state 1, the shared server, which is on vacation,
will pull a new packet from source-n with rate p,, p. This
new packet will have a later timestamp than P, and hence,
the AMC transitions to state 3 with rate p,, x.

o In state 3, P on .S,, will be successful and a new fresher
packet will be pulled into server S,, with rate fi,,. In this
case, since P has a earlier timestamp than the packet
in S, the packet in S will be up-to-date even after the
reception of P. Hence, the AMC will transition to state
9 with rate u,,. Moreover, in state 3, the packet in S will
be successful with rate p, which will make the packet P
on S,, obsolete since it has an older timestamp. Since P
becomes obsolete, the AMC will be absorbed to state 11
with rate p.

e In state 4, P on S will be successful and a new packet
will be pulled onto S with rate p,p or P on S will be
successful, and S will go onto a vacation with rate g, u.
In either case, once P becomes successful, the packet in
S, which has an older timestamp than P will become
obsolete. Therefore, the AMC will transition to state 8
with rate p,, p and to state 10 with rate g, u. Additionally,
when in state 4, the packet in S;, will be successful with
rate u, and in this case a new packet with a fresher
timestamp will be pulled into S,,. Therefore, the AMC
will transition to state 5 with rate p,.

e When in states 6 to 10, the corresponding packet P
which initiated the AMC has been successful. In these
states, once an up-to-date packet finishes its transition,
the AMC will be absorbed into state 12. If an obsolete
packet finishes its transition, it will be discarded and

Transition rates Transition rates
From | To | Rate | From | To Rate
6 Mn 12 Hn
1 6
3 | papt 9 Dnft
7 j2 12 Hn
2 3 DPnt 7 9 Pnpt
1| qup 6 qn i
9 | Hn 9 Pon
3 11 o 8 12 o
5 | Wn 9 12 | piy +
4 8 | pukt | 49 O fn
10 | gnp 8 Dnft
1| pn
5 9 | pap
6 | qupt

TABLE II: Transition rates of AMC for PS sub-problem.

State Description

R1 S, busy, S on vacation
R2 Sy, busy, S busy, T, > T
R3 | S, busy, S busy, T;, < Ty

TABLE III: States of RMC for the PS sub-problem.

a new packet will replace the obsolete packet in the
corresponding server. If S is on a vacation, then a new
packet will be pulled into S with rate p,,u.

From Table II we can obtain the sub-generator matrix U
that is required for the Aol computation. Next, we need to
find the initial probability vector of the transient states of the
AMC. For this purpose, we construct an RMC whose states
represent the states of the system from the perspective of a
newly joining packet. Based on the timestamps of the packets
in each server and whether the server S is on vacation or not,
we can define three states for PS. These states are given in
Table III and transition rates of this RMC are shown in Fig. 4.

Let w = [my, 72, 73] be the stationary distribution of the
above RMC. By algebraic manipulations, one can write 7 as,
— Pnflin Pnpt

= [q” Pntp un+u] . 3)

Using 7, we can find o as follows. Let the net rate at which a
new source-n packet joins the system be denoted by f. Note
that a new packet enters the system with rate p,, +p,u when in
any of the states of the RMC. Therefore, f = p,, + pp - Now,
we establish the relation between the AMC and the RMC.

e When in state R1, a new source-n packet will join server
Sy, with rate p1,, and to server S with rate p,, ;2. The former
event corresponds to the packet P initiating the AMC
from state 1 and the latter corresponds to initiating the
AMC starting from state 4.

e When in state R2 or R3, similar to state R1, a new
source-n packet will join server .S,, with rate u,, and to
server S with rate p,u. If the new packet joins S, it
would correspond to the event that the packet P initiated
the AMC evolution starting from state 2 and if the new
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qnpt Hn

Fig. 4: RMC for PS sub-problem.

packet joins S, P would start its AMC from state 4.
Based on the above observations, it is clear that the AMC
would be kicked off only from states 1, 2 or 4. Then, using
7, f and the established relations, the non-zero elements of
the initial probability vector o can be written as,

MUnT1

o1 = 7 €]
Jzzun(mfw, 5)
_ Pap(m + m + )

. (6)

04

/
Thus, we write the row vector o explicitly as follows,

dnHn
Pn+Dnpt

Pn it

Pnbn
0 Bn+Pnp

Pn+Pnit

o=
(7

Since states 6 through 10 are preceded by the event that P,
which initiated the AMC, was successfully received by the
remote monitor, the transient vector @ can be written as,

"= 0 0 0 0 1 1 1 1 1]. (8)

Note that the states corresponding to the non-zero values of
the vector @ are essentially the states that exactly coincide with
the Aol curve as shown in Fig. 3.Then by substituting U, o
and 0 in (2), the average age of source-n can be written in
the following closed-form,

E An
[An] (pon + )% (Prpe + pin)?
9

B. Cyclic Scheduler (CS) Aol

Now, we will present the Aol analysis for the CS sub-
problem. Here, the shared server scheduling decisions will
be based on a CS where at source-n scheduling instances,
the shared server will pull a packet from source-n once
it is free, and would be on vacation at other scheduling
instances. Let P, P,,, T,, and T be as defined in Section V-A.
Let C = [c1,ca,...,Cm] be the binary cyclic pattern with
¢; € {1,2} where ¢; = 1 corresponds to scheduling a source-
n transmission and ¢; = 2 corresponds to taking a vacation.

Next, we will describe the construction of the AMC for CS.
For brevity, we will reuse the state-space described in Table I
to define a two-dimensional state vector for the transient states
of the CS AMC. We define the transient states of this AMC
as the pairs (i,7), where ¢ € {1,2,...,m} denotes the ith

0000 0 0.

_ P i + 1) + P (2 + 1)* 4 2pin (pin + 1)

Transition rates

¢; | From To Rate
(7;’ 7) /’[”L

(i,2) (i4+1,3)if ¢4 =1 o
(Z+1,1) ifCi+1—2 1%

(4,9) Hn

(i,3) 1 i
(4,5) fin

(i,4) (i14+1,8)if ;41 =1 o
(Z+1,10) if Cit+1 =2 12

1 11 Ln,
(i,5) | (1+1,9)ifciy1 =1 2
(Z+1,6) ifCi+1:2 12

12 Hn

(i, 7) (Z+179) if Ci+1 = 1 12
(Z+1,6) ifCi+1:2 1%

: (4,9) Hn

(4,8) 3 i

(4,9) 12 fin + 1t

(4,6) fin

(i, 1) (Z+1,3) if Cit1 = 1 1%
(Z+1,1) ifCi+1:2 1%

12 o

2| (4,6) | (i+1,9) ifcip1=1 w
(Z+176) if87;+1=2 12

(4,6) fin

(i +1, 10) if ¢;41 =2 7

TABLE IV: Transition rates for CS sub-problem.

scheduling instance of the pattern Cand j € {1,2...,10}
corresponds to one of the states that was described in Table 1.

Note that ¢; = 1 implies that the shared server S is currently
occupied by a source-n packet and therefore j can only take
values in {2,3,4,5,7,8,9}. Similarly, ¢; = 2 implies that the
shared server S is currently on vacation and therefore j can
only take values in {1,6,10}. As before, let the unsuccessful
and successful absorbing states be denoted by states 11 and
state 12, respectively. Thus, altogether we will have 7k+3(m—
k) + 2 states for the AMC where k is the number of source-n
occurrences within the pattern C. The transition rates of the
CS AMC is summarized in Table IV where ¢, is treated
as c¢1. The details of the state transitions are similar to the PS
sub-problem with the only exception being that that whenever
the shared server finishes its transmission, ¢ changes from ¢ —
i+ 1 (m changes to 1).

Next, we give the states of the RMC to compute the initial
probabilities for the above AMC. Again, we will reuse the
states of the RMC from the PS to define a two dimensional
state vector for RMC of the CS. Let (i, R;) be the states of the
RMC, where i € {1,2,...,m} represents the ith scheduling
instance of C' and R; for 7 =1 to 3 denote the status of the
packets as defined in Table III. Here, ¢; = 1 indicates that the
shared server S is occupied by a source-n pattern and therefore
the packet states can either be in R2 or R3. If ¢; = 2, then
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Transition states

From Rate
(Z+1,R3) if Ci+1 = 1 12
(i 4+ 1,R1) if ¢jp1 =2 I

Ci To

(i, R2)

1 ) (1, R2) n
GRS TR e =1 n
(Z+ 1,R1) if Ci+1 = 1

2| GRS R fan =2 | &

TABLE V: Transition rates of CS RMC.

that indicates that the .S is currently on vacation, and therefore,
packet status can only correspond to R1. Thus, the CS RMC
comprises 2k+ (m— k) recurrent states in total. The associated
transition rates of the RMC are given in Table V.

Now, we need to find the total rate f. at which a new packet
enters the system. Note that, if we are in state (¢, R;) and
c;+1 = 1, then a new source-n packet would enter the system
with rate u + py, and if ¢; 1 = 2, then the rate would be fi,,.
Let ¢; ; denote the stationary probability of the state (i, R;).
Then, we can write the quantity f as,

fc = Z ¢i.,j (Mn + /1'1{67-,+1=1});
(#,9)
where the summation is over the state-space of the RMC,
Cm+1 = c1 and 17,4 is the indicator function. The correspond-
ing relations between the AMC and RMC for the CS are as
follows:

(10)

o When in state (i, R;) and if ¢;11 = 1, a newly joining
source-n packet entering server .S,, would correspond to
initiating the AMC starting from state (4, 1). If the packet
joins the shared server S instead, then the AMC will be
initiated starting from state (¢+ 1, 4). These events would
occur with rates p,, and p, respectively. If ¢; 1 = 2, then
only the former event would occur.

o When in state (i, R2) or (i, R3), if the new source-n
packet joins server S, then the AMC would start from
state (,2) and this event occurs with rate p,,. If ¢; 41 = 1,
and the packet joins server S, then the AMC would start
from state (i + 1,4) and this event occurs with rate p.

The above relations indicate that the AMC can only start
evolving from the states (,2), (i,4) and (4,1). Let o, =
{0 ;} represent the initial probability vector of the CS AMC
where o; ; denotes the probability of being in state (¢,5) of
the CS AMC. Using the above relations and the rate f., we
can define the initial probabilities of the CS AMC as follows,

%4)1, ife;=2,j=1,
n (@i 2+¢; = 1 ]
M’ ife; =1,5 =2,
Oij = %, ife;=1c¢1=2j=4, (1D
wloiiatoits) f e, = 1,¢, 4 =1,j =4,
0, otherwise,

where ¢y = c¢,,. The associated transient vector 6. will be

given by,
1, ife;=1,5€{7,8,9},
ei:j = 13 ifc; = 2a.] € {63 10}7
0, otherwise.

(12)

Then, as before, by using (2), we can find the average Aol of
source-n for the CS. However, since the matrices and vectors
involved depend on the pattern considered, we do not provide
a closed-form expression for this scheduler.

Next, we present an interesting relationship between the
probabilistic and cyclic schedulers in Theorem 1. The proof
follows from an sample path argument and is omitted here due
to space limitations.

Theorem 1 The optimal cyclic scheduler achieves a lower
weighted Aol than the optimal probabilistic scheduler.

VI. OPTIMAL PROBABILISTIC SCHEDULER (PS)

In this section, we pose the construction of the optimal PS as
a convex optimization problem and obtain the optimal values
for p,. Using (2), we obtain the expected weighted Aol as,

E[A]:an-
2w

where Yy, = pppt + iy. Since the first summation is a linear
sum of functions - and -5 which are both convex for Yn > 0,
the weighted Aol is a convex function with respect to y,’s.
Therefore, finding the optimal probabilities reduces to the
following convex problem:

(240 + 1) pryn + uun(un + 1)
(1n + 1)y

2un + 1)
(pn + )%

13)

2 n n n n
min Z (( o +N)2# i + M )
St > Yn=p+ Y fin, (14)
Yn 2 ,Ufn~
Let a,, and b,, denote the coefficients of -+ o and -5 y terms in

the objective function, respectively. We define the Lagrangian
of the above optimization problem as follows,

L= Z++)\(;yn> Z'yn

where y = {y1,...,yn}t, 1 = p+ 3, pn, and {y1,.... 1}
A are the Lagrange multipliers of the inequality and equality
constraints, respectively. Since this satisfies the Slater’s con-
dition, the Karush-Kuhn-Tucker (KKT) conditions will yield
the following sufficient conditions for optimality,

) (15)

AnYn + 2b, = ()\ - %)yf’” (16)
’Yn(un - yn) =0, (17)
(13)

Zyn =1
n
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Algorithm 1 An algorithm to find the optimal PS

Require: ji, {wn.pn}Y_1, A\, sufficiently large,)\;, ¢ suffi-
ciently small

L an = w?ﬁiﬁ:)g)#’ bn = (u}jﬁ@) vn
2n=pt s, b

3y, =0 Vn

4: while [n — 3" y,| > e do

5: A= %

6: faly) = y® —any —2b, Vn
7: zn, 4 positive real root of f,(y,) =0
8: Yn = max{z,, u,}

9. if }° y, > 7 then

10: A=A

11: else

12: Ay = A

13: end if

14: end while
15: Output: p,, = % vn,

Since 7, > 0 and any feasible y,, satisfies y,, > pu,, we can
conclude that A > 0. From (17), we have that if v, > 0,
then y,, = u,, and if y, > u,, then v, will be zero. If v, =
0, then note that for a fixed A, the y, that satisfies (16) is
simply the intersection of the straight line a,y, + b, and the
cubic polynomial \y3. Since A, an, b, > 0, a simple geometric
interpretation reveals that (16) has only one positive real root
in this particular scenario. Moreover, this root will decrease
as we increase A and can be found using Cardano’s formula.
To find the optimal A, we can use a simple bisection search.
Algorithm 1 gives the pseudo-code for finding the optimal
probabilities using the above steps.

VII. CycLIiC SCHEDULER (CS) CONSTRUCTION

In this section, we present two heuristic-based approaches
for the construction of the cyclic scheduler where in one we
refurbish the Insertion Search (IS) algorithm introduced in [17]
and in the other we utilize the optimal probabilities for the
probabilistic scheduler computed in Section VI.

A. Insertion Search (IS) Algorithm

Variants of the IS algorithm have been readily used in the
past and have been shown to perform well for cyclic scheduler
construction to minimize the weighted Aol [17]-[19]. We use
this algorithm with slight modifications to fit to our setting.
The IS algorithm constructs the cyclic schedule in an iterative
manner by improving upon the current best schedule obtained
in each iteration. Starting from an empty schedule, in each
iteration, we select the source-position pair that achieves the
lowest weighted Aol to construct a new cyclic schedule. Then,
this new cyclic schedule is passed on to the next iteration
where the same steps are repeated. At any iteration, if the
weighted Aol does not improve, we will continue to explore
a few more iterations and stop if no further improvement is
observed. Then, we select the best schedule from among all
the cyclic schedules that were constructed at each iteration.

B. Probability Aided Cyclic (PAC) Scheduler

Despite the versatility of the IS algorithm, it comes with
a high computational complexity. Within each iteration of IS,
the weighted Aol needs to be computed several times and
this involves inverting a large matrix each time. This limits
its applicability for systems with a large number of sources,
especially in situations where the server rates or our estimates
of the server rates are prone to change frequently. To overcome
this drawback, we introduce the PAC scheduler which is
constructed using the optimal probabilities p}, of the PS. In the
PAC scheduler, we aim to construct the cyclic schedule such
that the proportion of time dedicated for source-n tallies with
py. of the optimal PS. Next, we select a schedule length K and
find the number of instances K, that should be allocated for
source-n such that > K, = K. Then, we try to uniformly
spread the source instances within the schedule to construct
the PAC scheduler. Both these problems, i.e., finding K, K,
and uniformly spreading the scheduling instances, have been
studied in the past. [18] introduces a deficit round robin (DRR)
algorithm which constructs an almost uniform schedule given
the optimal source frequencies within the schedule. Thus, by
filtering out the sources with p,* > 0 and replacing the
optimal frequencies with p},, we propose to use the DRR
algorithm introduced in [18] to construct our PAC scheduler.

VIII. NUMERICAL RESULTS

In this section, we evaluate and compare the performances
of the three scheduling schemes. In this first experiment, we
consider a system with three sources for which we fix the
weights given to the sources, and vary the dedicated service
rate of source-1. As shown in Fig. 5, the cyclic scheduling
schemes outperform the optimal PS, and IS has only a slight
edge over the PAC scheduler. This validates the rationale
behind selecting the optimal scheduling probabilities as a
suitable substitute for the optimal source frequencies when
constructing the cyclic schedulers in PAC.

In the next experiment, we consider a system of four
sources, where we fix the service rates of the sources and
vary the weight given to the first source. The variation of the
weighted Aol for this scenario is shown in Fig. 6. As depicted,
cyclic scheduling schemes exhibit superior Aol performance
compared to the probabilistic scheme. Moreover, we observe
that, the weighted Aol first increases and then starts to
decrease with wy. This is because, as w; increases initially, its
contribution to the weighted Aol increases, but as w; increases
further, the shared channel tends to favor source-1 more, and
hence, decreases the average Aol of source-1, which in turn
reduces the weighted Aol of the system.

In the next experiment, we evaluate how the optimal
probabilities of PS vary with the service rate of the shared
server for a simple three source system whose weights are
the same but with different dedicated service rates. As shown
in Fig. 7, when the shared server rate is small compared to
the dedicated server rates, the shared server tries to give more
scheduling priority to the source with the lowest dedicated
rate. However, as p is comparatively large compared to the
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Fig. 5: Variation of the weighted Aol with p; for w; = 0.3, wa = 0.5,
w3 =0.3, =8, u2 =2 and p3z = 3.
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Fig. 6: Variation of the weighted Aol with w; for N = 4, w,, =
p =10 and pyp = n.

dedicated service rates, equal priority is given to all the
sources. In this case, it is as if the dedicated servers are non-
existent from the perspective of the shared server, and almost
all packets served through the dedicated links will turn out
to be obsolete. Thus, when p is large when compared to the
dedicated rates, our problem simplifies to to a single-server
multi-source scheduling problem.

IX. CONCLUSION

We provided an AMC formulation to derive expressions
for the weighted Aol of a status update system comprising
multiple dedicated servers along with a single shared server.
Through rigorous convex optimization, we have provided the
optimal probabilistic scheduler along with several heuristics
for developing cyclic schedulers which are shown to be
superior in performance. As discussed in the numerical results
section, when the service rate of the shared server is high, the
packets through the dedicated servers would turn out to be
obsolete most of the time. Therefore, the problem of selecting
an appropriate service rate for the shared server so as to
improve efficiency of the system (i.e., to minimize the number
of obsolete packets) is a interesting future research direction
for the system studied in this work.
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