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Abstract—We consider a status update system consisting of a
source, a sampler, a monitor, and an energy harvesting battery
at the sampler. The capacity of the battery is 1 unit of energy
and the energy generation time follows an independent and
identically distributed (i.i.d.) Bernoulli process. The sampler
aims to sample fresh update packets from the source and
transmit them to the monitor. The communication channel
between the sampler and the monitor is erroneous, with the
probability of successful transmission being g. Each update
packet consists of 2 sub-packets. At time slot ¢, the sampler can
transmit only one sub-packet. The transmitter employs a rateless
coding scheme, for which the monitor successfully decodes an
update packet if and only if it receives both of the sub-packets.
Transmission of a sub-packet requires 1 unit of energy. When
there is no update packet available to transmit, the sampler
has to decide whether to sample a fresh update packet or stay
idle. When the monitor has received the first sub-packet, the
sampler has to decide whether to sample a fresh packet and
transmit the first sub-packet of the fresher update packet or
transmit the second sub-packet of the staler update packet. We
formulate this problem as a Markov decision process (MDP),
and identify several structures of an optimal policy. We propose
an optimal policy based on the studied structure of an optimal
policy. Finally, we propose a low-complexity heuristic policy,
by leveraging some of the structures of an optimal policy, and
compare its performance with the actual optimal policy obtianed
by the MDP.

I. INTRODUCTION

We consider a communication system that consists of a
source, a sampler, a monitor, and an energy harvesting battery
at the sampler. The source governs a stochastic process that
the monitor aims to track. The monitor aims to receive fresh
update packets from the source so that it can track the source
efficiently. We quantify the freshness of the system with the
well-known metric of age of information [1]. We consider that
the communication channel is erroneous. There are examples
in the literature where the transmitter employs standard auto-
matic repeat request (ARQ), hybrid ARQ (HARQ) protocols,
or employs different kinds of coding schemes such as rateless
codes, maximum distance separable (MDS) codes, to mitigate
the effects of the erasure channel, see e.g., [2]-[13]. Also, in
the age of information literature, there are several works that
consider an energy harvesting transmitter, see e.g., [13]-[18].

In this work, we consider an age minimization problem,
where an energy harvesting sampler employs a rateless code
to transmit update packets. We assume that the energy arrival
to the battery follows an i.i.d. Bernoulli process, where the
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size of the battery is one unit. We assume that each update
packet consists of ¢ sub-packets. To combat the channel errors,
the transmitter employs a rateless code. The monitor can only
decode a packet if it receives ¢ coded sub-packets. [13] studies
the average age performance of a rateless code for an energy
harvesting transmitter under different transmission schemes.
However, [13] assumes that when the transmission of a packet
starts it cannot stop the transmission in between and has to
finish the transmission of all ¢ sub-packets. However, that may
not be the optimal thing to do. As we want to minimize the
average age of the system, the transmitter may want to drop
a packet if it takes a long amount of time to transmit all ¢
sub-packets successfully. In this paper, we consider that the
transmitter can discard a stale packet and sample a new packet
for the transmission. [7] also optimizes the age of information
for rateless codes and it considers a similar transmitter.
However, [7] does not consider an energy harvesting battery
in its model. With the introduction of an energy harvesting
battery, the problem becomes more challenging, as it imposes
a constraint on how often we can discard a packet for which
the receiver already received one or more sub-packets.

We formulate this problem with an MDP formulation. We
focus on the case where ¢ = 2, i.e., that each update (full
packet) can be decoded at the monitor, if two sub-packets are
received successfully. We show that there exists a stationary
policy that is optimal for the considered problem. We identify
several structures of an optimal policy. We show that for
an optimal policy, as the age of the monitor increases, the
interval between discarding a packet for which the receiver
has one sub-packet also increases. Under some assumptions,
the optimal policy waits till the age of the monitor reaches
a threshold, after that, whenever the transmitter has a unit of
energy, it either discards a packet and samples a new packet
or keeps transmitting a stale packet for which the receiver has
a sub-packet. We use these structures to propose an optimal
policy. We also propose a low-complexity heuristic policy by
employing some of the structures of an optimal policy. Due
to space restrictions here, we omit proofs for some of the
results, which we will provide in the longer journal version.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a slotted time communication system that com-
prises a source, an energy harvesting sampler/scheduler, and a
monitor. We denote the probability of successful transmission
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Fig. 1. The sampler can sample an update packet from the source any time
it wants, i.e., the generate at-will model. The sampler is equipped with an
energy-harvesting battery. The sampler can spend a unit of stored energy in
the battery for transmission of a fresh update packet to the monitor.

of a packet with ¢ > 0. In this work, we assume ¢ = 2,
a general ¢ can be an interesting future work. The sampler
is equipped with an energy harvesting battery. In every time
slot, the battery generates a unit of energy with probability
p > 0. We assume that the capacity of the battery is one unit
of energy. At a given time slot ¢, if the battery has one unit of
energy, then the sampler can either transmit a sub-packet of a
previously sampled packet, or can drop a previously sampled
packet from the service, sample a new packet and put one
coded sub-packet into the service, or can stay idle. For every
transmission of a sub-packet, the sampler takes one unit of
energy from the battery. Staying idle does not cost any energy
for the sampler. We denote a valid policy of the sampler with
. We denote the set of all valid causal policies with II. After a
successful reception of an update packet, the user’s age drops
to the packet’s generation time. We denote the instantaneous
age of the system at time ¢, corresponding to a policy ,
with v™(¢). The average age of the system corresponding to
a policy 7 with an initial age vy, is

A™(vo) = limsup — ZE

T—o0

o™ (1) = vl (D)

Thus, we are interested in the following optimization problem,
inf AT . 2
s AT @
The feedback channel is instantaneous and error-free.

III. OPTIMAL POLICY

First, we re-formulate the problem in (1) as a Markov
decision process (MDP), and then we optimally solve that
MDP. Now, we state important components of this MDP.

State: A state of this system is defined with a vector of size
four, s = (v1,v2,¢,d). We denote the state of the system at
time ¢, with s(¢). The variable v; corresponds to the age of the
monitor, and vy corresponds to the age of the recently sampled
packet in the system. If there is a successful transmission of
an update packet, i.e., if the monitor receives both sub-packets
of a packet, then we assume that the sampler has no available
packet and we denote this state with vo taking co. The variable
c indicates the number of sub-packets of the available packet
successfully received by the monitor. Thus, ¢ can take only
two values 0 and 1. The variable d indicates if the battery
has an energy or not with d = 1 or d = 0, respectively. We

denote the collection of all valid states with state space S.

For all states s € S, the age of a packet at the sampler is less

than or equal to the age of the monitor, i.e., vo < v1. Thus,

N :{(’Ulav%a d) | (UlaUQ) € N2,U2 < U1, (Cv d) € {Oa 1}2}
U {(v1,00,0,d) | v1 € N,d € {0,1}}. 3)

For simplicity of the presentation, we define the following

states which we will refer to in several results in this paper:

(Ul + 171}2 + 1a 1a 1),

v+ 1,00+ 1, 1 ,0), 34 = (v2+1,00,0,1),

va +1,00,0,0), 86:(U1+1 1,0,0),

U1, V2, 1a 1)

= (

= (

= (

=(v1+1,1,0,1), 5 =(v1 +1,1,1,1),

=(v1+1,1,1,0), 5 = (v1,v2,1,0), §3 = (v1,v2,0,1),

= (v1+ 1,v2+ 1,0, 0) 4= (v1+1,u2+1,0,1),
§ = (v1,v2,0,0), 8 = (v1,00,0,1), §7 = (v1,00,0,0),
S8 (v1—|—10001) S9 = (v1 +1,00,0,0),
§1=(v1,1,1,1), = (v1,1,1,0), 83 = (v1,1,0,1),
84=(v1,1,0,0), 852(1}1 +1,2,1,1), $6=(v1 +1,2,1,0),
S$7=(v1+1,2,0,1), 85 = (v1 +1,2,0,0),
§9:(v1+2,2,1,1) §1=(v1+2,2,1,0),

(v1 +2,2,0, 1) S3 (Ul +2,2,0,0). @

Action space: We denote action of the sampler at time ¢
with a(t), which can take values from set A = {0,1,2}.
Action a(t) = 0, implies that the sampler stays idle at
time ¢. Similarly, action a(¢t) = 1 implies that at time ¢,
the sampler drops the packet in the service and samples a
new packet. Finally, action a(t) = 2 implies that at time ¢,
the sampler keeps transmitting sub-packets of the currently
available packet at the sampler.

Cost: We define cost corresponding to a cost-action pair
(s,a), s €S, a€ A, with ¢(s,a) = v;.

Transition probability: The probability with which the
system evolves from a state s to a state s’ , under an action a,

with P, (s, s’). Next, we explicitly state transition probabilities
for all possible state pairs under all possible actions:
51,52) = 1, Py(51,52) = p, Po(51,53) = (1 —p),
39,84) =1, Py(85,84) = p, Po(35,53) = (1 —p),
86,88) = 1, Po(57,588) =p, Po(57,39) = (1 —p),
51,88)=pq, P1(51,50)=(1—p)g, P1(51,57)=p(1—q),
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We denote the MDP with the above mentioned state space,
action space, transition probability, and cost, with A.

Now, we reformulate the average age of the system, under
a policy 7 and an initial state sg € S as,

P5(32,52) = pq.

A" (s0) = lim sup % SOEL[C(s(t), a(t)) | 5(1) = so]. (6)

T—o00
For a given initial state sg, we study in the following problem,
inf A7 . 7
AT @

Note that, there exist some states for which if we do not
choose those states as the initial state, then under any policy
we would never visit those states. For example, consider state
(1,00,0,1), this particular state can never be visited by any
policy, unless we choose this state to be the initial state for
the system. In this work, we consider that state space S does
not contain any such state, i.e., we assume that the system’s
initial state cannot be any such state.

Now, for the completeness of this work, we state some
well-known results from the MDP literature [19], [20]. Let us
assume that 0 < o < 1 and s € S, we denote the discounted
cost corresponding to a policy 7w with V.7 (s) where

Vi (s) = Ex ®)

ZafC(s(t),a(t))] .

We denote the optimal value function with V,(s), where
Va(s) = inf, VT (s). We define V,(s;a), a € {0,1,2} as,

Va(s;a) = C(s,a) + a Z P,(s,8)Val(s).
s'eS

©))

From [21], we know that if for all s € S, V,(s) is finite
then, V,(s) = minge(o,1,23 Va(s;a). Now, let us consider
the following iteration with V, o(s) =0, s € S and n > 1,

Van(s) = aer{r(l)%¥2} {C(&a) + g,;spa(s, 3/)Va,n1(s/)} .
(10)

From [21], we say that,
lim Vg, (s) = Va(s). (11)

n—oo

We call a policy 7 stationary, if action taken by the sampler
at time ¢ depends only on state s and is independent of the
time index ¢. In the next theorem, we study the existence of
a stationary policy that is optimal for the problem in (7).

Theorem 1. There exists a stationary policy m which is an
optimal policy for the optimization problem,

T
inf limsup%ZE,r [C(s(t),a(t)) | s(1) =s0]. (12)

mell T oo

From Theorem 1 and [21], we know that for any arbitrary
initial state sg, the optimization problem in (7) provides the

same average age. Thus, without the loss of generality, we
assume that the initial state of the system is (2, 00,0, 1). For
the simplicity of presentation, in the rest of this paper, we
omit the initial state notation from all expressions.

Observation 1. Consider any two arbitrary states, s =
(v1,v2,¢,1) and s = (v1,v4,c,1), then V,,(s;1) =
Van(s';1) and Vi, (s;1) = Vo (s'; 1), where vy or/and vl can
be 0o as well.

In the next lemma, we study some monotonicity properties
of the discounted value function.

Lemma 1. Consider a state s = (v1,v2,¢,d), ¢,d € {0,1},
then Vo, (s) is an increasing function of vy as well as of vs.
Similarly, for a state ' = (v1,00,¢,d), ¢,d € {0,1}, Vo (s)
is an increasing function of vi.

In the next lemma, we continue to study some further
monotonicty properties of the discounted value function.

Lemma 2. Let us consider a state s = (vi,v1,¢,d), ¢,d €

{0,1}, then
Va(s) = Vao((v1, 00,0, d)). (13)
Moreover,
Voz(§2) 2 Va(gl)y (14)
Vi (81) > Va(51), (15)
Va(35) > Va(52), (16)
Va(35) > Va(51). (17)

In the next lemma, we show that if no first sub-packet of
a sampled packet is delivered to the monitor, then continuing
transmission of that packet is not optimal for the sampler.

Lemma 3. For state 55 action a = 2, can be omitted to find
an optimal action, i.e., either action a = 2 is not an optimal
action or there exists another action which is as good as
action a = 2.

From Lemma 3, we know that for a state 55, we can find
an optimal action between actions ¢ = 1 and a = 0. In the
next lemma, we show that an optimal action between actions
a = 1 and a = 0, for state s, depends on the age of the
monitor v; and is independent of the age of the packet vs.

Lemma 4. If action a = 1 (a = 0) is an optimal action
for a state (v1,v9,0, 1), then for any other state (v1,v},0,1),
action a = 1 (a = 0) is also optimal. Moreover,

Va((’Ul,’Ug,O, 1)) :Va((’Ul,’U/Q,O,l)). (18)

Corollary 1. For 0 < a < 1, n € N, the following relation
holds,

Va,n<§5) = Va,n(§7)~

In the next lemma, we study a structural property of the
discounted value function, which will be useful to prove a
structural property of an optimal policy.

19)
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Lemma 5. Between action a = 2 and a = 0, if action a = 0
is strictly better or as good as action a = 2, corresponding to
the function V,, ,(51), then action a = 2 cannot be optimal,
for the function Vi, ,_1(52).

Proof: We prove this lemma by contradiction. Thus, we
assume that,
Va,n(§1§2) > Va,n(-§1§0)- (20)
However,
Van-1(52;2) < Van-1(52; ),

a € {0,1}. @21)

If we expand both sides of (20), we get,
qua,n—l(§4) + (1 - p)an,n—l(ES) + (1 _p)(l - q)
Va,nfl(g?)) Z (1 - p(l - q))Va,nfl(EQ) (22)
From the assumption in (21), we know that action a = 2 is
optimal for V, ,_1(52). Thus, from (22) we have,
pqva,n—l(§4; O) + (1 - p)qvoz,n—l(gii; O) + (1 —p)(l - q)
Van-1(53;0) > (1 = p(1 — ) Va,n-1(52;2). (23)

For the simplicity of the presentation, we define the following
states,

51 = (v2+2,00,0,1), 52 = (v2 + 2,00,0,0),
3= (v1+2,v3+2,1,1), 54 = (v1 + 2,02 +2,1,0).
(24)
Simplifying (23), we have,
(1 —=pg)Van—2(51) = q(1 — p)Van—2(52)
+ (1= @)pVan-2(53) + (1 = p)(1 = )Van-2(51). (25)

Now, from Lemma 1, Lemma 2, we have,

Va,n72(§2) > Va,n72(§1)» Va,n72(§3) 2 Va,n72(§1)7

Va,n—2(§4) Z Va,n—2(§1)- (26)
From (25) and (26), we have,
Va,n72(§1) > Va,n72(§1)7 (27)

which is a contradiction. H

In the next lemma, we show two important properties of
the discounted cost function, leading us to a result about two
properties of an optimal policy. First, we show that if for
state 51, action a = 0 (a = 1) is optimal corresponding to the
function V,, ,,(+), then for any state s = (v1,v2’,1,1), action
a = 0 (a = 1) is optimal, v’ > vy and n € N. Moreover,
Va,n(gl) = Va,n(sll)'

Lemma 6. For all n € N, if
Va,n(gﬁ a) S Va,n(gl; 2)7 (28)
then

Va,n(slﬁ a) < Va,n(3/1§ 2)a (29)

where a € {0,1}. Moreover,
Van(51) = Van(s)). (30)

Furthermore, action a € {0, 1} which satisfies (28) and (29),
belongs to the set,

€29

argmax V, ,(56; a).
a€{0,1}

In the next lemma, we show that if the receiver has a sub-
packet and if the age of the packet is 1, then a = 1 cannot
be optimal.

Lemma 7. Under an optimal stationary policy m, a = 1
cannot be optimal for state sg.

Corollary 2. For large enough o < 1, the following relation
holds,

Voz(§8;]-) > Va(§8§a)7 ac {072} (32)

To prove the future results of this paper, we extend the
countable state space S, to an uncountable state space. Specif-
ically, we assume that the age of the user v; and the age of the
update packet vy can take values from the set of real numbers.

We denote this new state space with S. Thus,

S = {(Ul,UQ,C, d) U ('Ul,O0,0,d/), (01702) S R27

(c.,d,d') € {0,1}"}. (33)

We denote a new MDP A, with the state space S, the same
action space, cost, and transition probability of the MDP A.
We denote the o optimal value function on S with V,(s),
s € S. Note that, because of the structure of the transition
probability of A, if A starts with any arbitrary state s € S,
the evolution of states belongs to a countable subset of S. De-
pending on the initial state this sub-set changes accordingly.
For example, consider a state s = (4.5,3.5,1,1) € S. Now,
consider the following sets of states,

S ={(45+x,35+x1,d),z€N,de{0,1}}, (34)
S ={(3.5+x,00,0,d),z € N,d € {0,1}}, (35)
S ={(45+wy,c.d), (z,y) € N* (c.d) € {0,1}°}. (36)
Note that under any policy the evolution of state s belongs to
the set SU S U 82_U Ss3, which is a countable subset of S.

Thus, for any s € S, and 0 < o < 1, if V, ,(s) follows the
similar iteration of (10), then the following holds,

le Van(s) = Val(s). (37)
Also note that for any s € S, the following relation holds,
Va(s) = Vo (s). (38)

Lemma 8. For 0 < a < 1, the function V,(s), s =
(v1,v2,¢,d) € S, is a concave function of vy.

As, V,(s) is a concave function of vy, the left sided
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derivative of V,(s) with respect to v; exists, which is

8‘7@7”(8)7
81)1 B B
— lim Va,n((vly V2, C, d)) - Va,n((vl - h7 V2, C, d)) ) (39)
h—0+ h

The following remark will be useful to prove future results.

Remark 1. If F(z) is an increasing concave function of ,
then the following relation holds true,

2 OF (x)~
/m o dx

1

Theorem 2. For 0 < a < 1 and n € N, the following
relations hold,

WVan(36)™ _ OVan(51)™
9 > 3
vy - oy @D
a‘_/a n(§7)_ 8Va n(gl)_
> > d 42
ovy Ouy “2)
Wan(36)™ WVan(51)~
= > —q)——
Sor > (1—q) or (43)

Proof: We prove (41)-(43) together with mathematical induc-
tion on n. Note that, for n = 1, for any state s € S,

8‘7a,1 (S) -

81}1
Now, we assume that (41)-(43) hold for the nth induction step.
First, we show that (41) holds for the (n+1)th induction step.
First, let us assume that ¢ = 1 is optimal for state S;. Thus,

from Lemma 6, we say that a = 1 is also optimal for state
§6~ ThU.S,

OWean(36;1)”

—1. (44)

aVa,n (58) B

Bor :1+a(pq Bor +(1—-p)g
8‘7@ n(§9)_ aVa n(§7)_
- 7 1 — - 7
81)1 +p( Q) 81}1
OV n(56)~ OVyma1(51;1)
(1= p1 - g eptel ) - NonttCiD - )

Now, assume that ¢ = 0 is optimal for state 5y, then from
Lemma 6, we say that a = 0 is also optimal for state 3g,

8Va n-‘rl(gl; O)_ aVa n<52)
et L N Sk A | sl 4
Do, +a au, (46)
Wansr(56:0)" |, OVanl(5)”
vy =lta vy @7

Thus, from the nth induction step of (41), (46) and (47), we
have,

aVa,nJrl(gl; 0)_ > aVa,n+1(§6§ 0)_

ovy - vy
Note that, only a = 0 or a = 1, can be optimal for state Sg.
Now, we assume that a = 2 is optimal for 57 and a = 0 is

(48)

optimal for S,

8Vam+1(§1;2)’ . _ _ 8‘7&7”(53)7
T ST =1t a((1 - @)1 - )T
8‘7@,71,(52)7
+(1- q)pT). (49)
Vo, w( 5)”

As for all s € S, > 0, from the nth induction step
of (41) and (43), and from (47) and (49), we say that,

8Va,n+1(56;0)_ > ava,n—i—l(gl;Q)_
vy - ovy
Now, assume that @ = 1 is optimal for 56 and @ = 2 is optimal

for 5,. From (45), (49), and from the nth induction step of
(41) and (43), we have,

8Va,n+1(§6; 1)_ > a‘_/a,n—i-l(gl; 2)_

vy - ovy
Thus, from (45), (48), (50) and (51), we have the (n + 1)th
induction step of (41). Now, we show that (42) holds for the

(n + 1)th induction stage. Note that, only a = 0 is feasible
for both 57 and S;. Thus,

(50)

(51

ava,n(;;l(gﬂ , *CY(paVa;;ffS)
+(1 —p)W), (52)
aVa,ngvll(gl)— _ Ha(pavagv(f?)_

+( p)W). (53)

From (52), (53), and the nth induction step of (41) and (42),
we have,

a‘7&,n+l(§7)_ > aVa,n+1(<§1)_

vy ovy ’

which proves the (n + 1)th induction stage of (42). Finally,

we show that the relation in (43) holds for (n+1). From (45),

(53), and from the nth induction step of (41) and (42), we
have,

(54)

8‘7a,n+1(§6; 1)7 > (1 _ Q) 8Va,n+1(§1)7
vy oy
Similarly, from (53), and the nth induction step of (41) and
(43), we have,

8‘7& n+1(§6; 0)_ aVa n+1 (gl)_
_— > (1—-q)————.
81}1 - ( Q) 81}1
Thus, from (55) and (56), we have (43) for (n +1). W

(55)

(56)

In the next theorem, we show a threshold structure of an
optimal policy.

Theorem 3. Under an optimal policy ¥, if action a = 2 is
as good or better than action a = 1 for a state 51, then for
any state s = (v1+x,1,1,1), action a = 2 would be as good
or better than action a = 1, where x > 0.
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Proof: First, we show that the statement of this lemma holds
for the discounted cost value function, i.e., for any 5; € S,
we show the following,

Va(5152) = Va(5151) =2 Va(s;2) = Va(s; 1) (57)

Then, with a similar argument as [21], we will have the
statement of this lemma. From Theorem 2, and Remark 1,
we have,

Va,n(gl; 2) - ‘70471’7,(51; 1) Z Va,n(& 2) - VOL7’I’L(S; 1)
Now, from (37) and (38), we have (57). B

For the rest of this paper, we assume that the age of the
monitor is bounded by an integer /. We denote this bounded
state space with Sk . Thus,

(58)

Sk = {(vl,vg,c,d) | (v1,v2) € N?,v1 < K,vs < w1, (c,d)
€ {071}2} U {(’Ul,O0,0,d) | V1 € N,’Ul < de € {071}}

(59
We denote the transition probability from a state s =
(v1,v2,¢,d) to s = (vf,vh,¢,d), (s,8) € S, under an
action a with P, (s, s’; K), which we define as follows,
P,(s,8"), v = o0,
v) = min{ K, v{'},
Pu(s,8';K) =< Pu(s,8"), v4 # oo, (60)
v) = min{K,v{'},
vy = min{ K, v} },
where s” = (v{,vy,c,d) € S. We denote the MDP with

state space of (59), transition probability of (60), cost and
action space of A, with A . Now, we consider the following
iteration on n € N, for s € S,

h"“(s):(1—7)h"(s)—|—min{0(s,a)+'yZPa(s,s')h"(s')}
s'eS
—min{C(t,a) +~ Z P,(t,s")h"(s")},
“ s'eS
where t = (2,00,0,1), 0 < v < 1, and h%(s) = 0, for all
s € §. From [19], we say that,

(61)

lim min{C(t,a) + Z P.(t,s"h™(s")} =X,  (63)

s’eS

where ) is the optimal average cost for Ak, and h*(s) follows
the following relation,

h*(s)+ A= main{C’(s,a) + Z P.(s,s)h*(s")}. (64)
s'eS
We define h*(s;a) as,
h*(s;a) = C(s,a) + Z P,(s,s")h*(s). (65)

s'eS
Also, note that a stationary policy that satisfies the right-hand
side of (64) is optimal.

Remark 2. Similar to Lemma 1, we can show that h*(s) is
an increasing function of vy.

Note that, for every vy, there exists at least one x > 0 such
that for state (v; +x,00,0,1), a = 1 is optimal, as otherwise,
the average age of the system will be unbounded, as ¢ < 1.
Now, we show that, if the age of the monitor is large enough,
then action a = 1 is always better than action a = 0, when
there is no available packet for transmission. Note that, for
a given p and ¢, the optimal average age of the system \ is
fixed. Thus, we choose v; such that v; > \. Now, we assume
a state (v1, 00,0, 1). Let us assume that > 0 is the minimum
integer such that ¢ = 1 is optimal for state (vy + x, 00,0, 1).
Then, from (64), we have,

x
h*((v1 4+ 1,00,0,1)) = Z(vl +k)—Ax+pg
k=1
R ((vi +2+1,1,1,1))+p(1 — ¢)h*((v1 + 2+ 1,1,0,1))

+ (1 =p)A - gh*((01 ++1,1,0,0)). (66)

As vy > A, and as h*(s) is an increasing function of v, we
say that action a = 1 is optimal for state (v1,00,0,1). We
present this result in the following theorem.

Theorem 4. For a large enough age of the monitor, an
optimal policy follows a threshold property on the age of the
monitor when there is no available packet for transmission.
In other words, there exists v1, such that if action a = 1 is
optimal for a state (vi,00,0,1), then action a = 1 is also
optimal for a state (v}, 0,0,1), where v] > v1.

From Theorem 4, we see that a threshold structure exists
on the age of the monitor for an optimal policy, when the
age of the monitor is large enough, however, it may not be
true in general. Next, we assume that the threshold structure
in Theorem 4 holds for any v;, and propose a corresponding
optimal policy.

Assumption 1. If action a = 1 is optimal for a state
(v1,00,0, 1), then for any state (v1+x,00,0,1), action a = 1
is also optimal, x > 0.

Now, we consider the following policy 7. For this policy:
Recall that £ = 2, and an update (a packet) has two sub-
packets, a first sub-packet and a second sub-packet. An update
will be received at the monitor and will decrease the age, when
both of the sub-packets are received.

« If there is no packet to transmit, then the sampler does
not sample a new packet till the age of the monitor
reaches a threshold, vy, 1.

o After the age of the monitor reaches or crosses vy 1,
the sampler keeps sampling and transmitting new update
packet whenever there is energy available in the battery,
till there is a successful transmission of a first sub-packet.

o When there is a successful transmission of a first sub-
packet, the sampler keeps transmitting the second sub-
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Fig. 2. A pictorial representation of a policy from the set II. We consider
that the initial age of the system is 1 unit. We consider that p = 1, i.e., at
every time instant energy is available in the battery. The blue circles represent
the sampling of a fresh update packet. Green boxes represent a successful
transmission of a sub-packet, whereas the yellow boxes represent the failed
transmission of a second sub-packet. Note that, for this policy we assume
that vyp, 1 = 2, Ugh,Q =2, vfhg = 3 and U?h,z =4.

packet whenever there is energy available in the battery,
till the age of the packet reaches a threshold, vghg.

o« When the age of the packet reaches or crosses Utlh,z’
the sampler drops the packet, samples a new packet and
transmits its first sub-packet, if there is energy available
in the battery.

o The sampler keeps sampling new update packets when-
ever there is energy available in the battery, till there is
a successful transmission of a first sub-packet.

« After that the sampler keeps transmitting the second sub-
packet, whenever there is energy available in the battery
till, the age of the packet reaches or crosses a threshold
Uih,2-

e When the age of the packet reaches or crosses vfhg,
the sampler drops the packet, samples a new packet and
transmits its first sub-packet, if there is energy available
in the battery.

o This process goes on till there is a successful trans-
mission of both sub-packets, and there is no packet to
transmit.

« The threshold on the age of the packet when it is dropped
increases with the first successful sub-packet index, i.e.,
Uing < Vo <00

We denote the set of all policies with the structure of 7
with II, and denote an optimal policy in the set IT with 7*.

Theorem 5. Under Assumption 1, ©* is optimal for A .

Proof: Let us assume that the initial state of the system is
(2,00,0,1). Now, we set vy,1 to be vy in Assumption 1.
Then, from Assumption 1, for any state (vy,1 + x,00,0,1),
x > 0, a =1 is optimal. From Lemma 6, we say that for any
state (v¢p,1 +,00,0,1), z > 0, either action a = 2 or action
a =1 is optimal. Furthermore, from Theorem 3, we say that,

1 2
Vtho S Vo < oo vy (67)

which proves this theorem. W

Similar to before, we extend state space Sk to Sk, where
vy and v can take values from the set of real numbers and
bounded by K. Similar to Lemma 8, we can show that the
function h*(s) is a concave function of v; on state space Sk-.
Thus, %g% exists. Next, we present a sufficient condition
for which Assumption 1 holds.

Theorem 6. If the following relation
Oh*(3s)” _ Oh™(36)”

vy - vy ’
holds for all K > vq > v}, then an optimal policy has a
threshold structure on the age of the monitor, when there is
no packet to transmit. Specifically, if action a = 1 is optimal
for a state 3¢, then for any state (v + x,00,0,1) also a =1
is optimal, where x > 0, and

v] =inf {vl | pgh*(58) + p(1 — q)h*(57) + (1 — p)gh*(59)
+(1=p)(1—@)h*(36) <h*(59)}. (69

1+

(68)

Proof: From (69), we say that v} is the least age of the
monitor for which the following holds,

h*((v/bOO?Ovl);l) < h*((Ull,oo,O’ 1);0). (70)
Thus,
Oh (86)7 _ Oh (86; 1)7 1)
81}1 v1=v] 81}1 v1=v]
Similarly,
8}1*(56; O)_ oh* (58)_
20 T =14+ ——1 72
8’01 v1=v] + 8'01 v1=v] (72)
From (68), (71) and (72), we have,
Oh*(86;1)~ < Oh*(86;0)~ (73)
8’1}1 v1=v] (9’01 v1=v]

Thus, from (71) and Remark 1, we have the statement of this
theorem. W

Next, we propose a low-complexity heuristic policy. We
consider a policy 7 with a similar structure to 7. However,
we assume that for policy 7 the following relation holds,

1 2
Vipo = Vipo = " = Uth,2- (74)

That is, we omit the superscript from the second threshold,
and keep it constant. Thus, policy 7 is completely character-
ized by two thresholds, v;,,1 and vy, 2. We denote the set
of all policies with the structure of 7 with II. We denote an
optimal policy in the set m with 7*. Next, we find the average
age expression for the policy 7 for a fixed vy;,,1 and vy, 2.
We can divide the whole time horizon into several frames.
We assume that a frame ends when the monitor successfully
decodes a packet. We denote the length of a frame with a
random variable £. Now, we find the first and second moments
of ¢. Note that, the initial age of a frame depends on the
delivery time of the last packet of the previous frame, which
we denote with a random variable Y, which follows the
following distribution,

PlY =] = pg(1 —pq)' ",

Note that, at the start of a frame, we do not sample a new
packet till the age of the monitor reaches or exceeds the
threshold vy, 1. We denote the initial period during which
the sampler stays idle, with a random variable Y. Note that,

i<vma—1. (75
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Y = max{vy1 —Y — 2,0}, and
P(Y = 0) =P(Y > vy.1—2),
P(Y =) =P(Y = vsp1—2—1),1 <i < (.1 —3).

(76)
(77)

We denote the time interval needed for the successful trans-
mission of the first sub-packet after the random wait time Y,
with a random variable X . The random variable X for a given
realization of Y is,

X =1{E1NEx} +1{E, NES}(1 + X) + 1{ES} X, (78)

where F; is the event that a unit of energy arrives at the
battery during )7, FE» is an event of getting a head in a coin
toss with probability ¢, and 1{A}, is the indicator function
of an event A. Let us consider any arbitrary ¢, such that there
is no sub-packet at the receiver and no energy at the battery
till the end of time slot t. We denote the duration from time
slot ¢ + 1 to the time slot in which the receiver receives a
sub-packet for the first time after time ¢, with the random
variable X in (78). Thus, X is geometrically distributed with
the parameter iq. In a frame, we denote the number of times
the sampler drops a packet for which there is a successful
transmission of the first sub-packet, with a random variable V.
Note that, NV can take value 0, and is geometrically distributed
with a parameter, 1 — (1 — pq)?2~1, Thus,

E[()=E[Y + X + Y] + E[N](E[X] + (vin,2 — 1)),
E[?] =E[Y? + X2 + Y2 4+ N%(vy 0 — 1)?

+2N?X (v 0 — )+ NX2H+E[X]?(N? = N)42(Y X +YY
+ XY + (X 4+vpe—1)(YN+XN+YN)). (80)

(79)

From (80), we see that E[/?] < co. Note that, in every frame
the age process is i.i.d., thus we use the renewal reward
theorem to find the average age. Thus,

1 E£?

2E[]
Note that, (81) is independent of the initial state sg.

AT (s9) = % +E[Y] + (81)

IV. NUMERICAL RESULT

We compare the performance between an optimal policy 7*
and an optimal policy 7* in the set II. We find the average
age of m* from (62). We bound the instantaneous age of
the monitor with 1000, i.e., we assume that X = 1000. We
consider the policy set 11, with U145 and vg 4, taking values
from 1 to 100. To find the average age of 7*, we use (81),
and compare the average age for all the policies in 7. We see
from Fig. 3, that the performance of 7* is very close to the
performance of 7*.
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