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Abstract—The Kelly or proportional allocation mechanism is
a simple and efficient auction-based decentralized resource al-
location scheme that distributes an infinitely divisible resource
proportionally to the agents’ bids. When agents are aware of
the allocation mechanism, their interactions form a game. The
properties of its Nash equilibria are well understood under the
simplifying assumption of unbounded budgets. In this paper, we
analyze the game in a more realistic budget-constrained setting,
motivated by its optimality in terms of the liquid price of anarchy
(LPoA). Specifically, we establish a sufficient condition for the
uniqueness of the Nash equilibrium and design a distributed
sequential learning procedure that provably converges to the
equilibrium. In particular, our sufficient condition holds when the
payoff functions of the agents are of the proportional fair type in
the allocated fraction. Finally, extensive numerical experiments
shed light on the interplay between the heterogeneity of the payoff
functions and the agents’ budgets.

Index Terms—Kelly mechanism, decentralized resource alloca-
tion, auctions, game theory

I. INTRODUCTION

Decentralized resource allocation in large-scale systems
is a fundamental problem extensively studied in network
economics [10]. In this context, a resource owner seeks to
distribute resources among multiple agents to optimize an
objective, such as maximizing social welfare, namely, the
aggregate net benefit of the agents, or its revenue. It is standard
to assume that the resource owner may have partial or lack
information about the agents’ utilities or preferences. Instead,
they depend on signals [13] provided by the agents, such
as declared valuations, willingness to pay, or other indirect
indicators of agents’ preferences. However, agents may often
act selfishly and even strategically in order to maximize their
benefits. This introduces additional complexity to the decision-
making process of the resource owner.

This challenge is actually prevalent in various technological
domains, including bandwidth allocation in communication
networks [6], [14], task scheduling in cloud computing [18],
energy distribution in smart grids [16], and pricing mecha-
nisms in shared transportation systems [20].
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The Kelly or proportional allocation mechanism stands out
among decentralized resource allocation mechanisms for its
simplicity and efficiency [10], [12]. In its basic form, agents
submit bids to secure shares of a finite, infinitely divisible
resource, with allocations distributed proportionally to their
bids. This establishes a uniform price per resource unit derived
from the total sum of bids and the overall resource supply.
In a generalized formulation [13], each user’s allocation is
determined by a weighting function of its bid, enabling diverse
allocation strategies such as non-linear weighting of bids or
user-specific pricing. In particular, the classic Kelly mecha-
nism arises when this weighting function is simply the identity
for all agents.

Originally, the efficiency of the Kelly mechanism has been
demonstrated under the assumption that users have unlimited
budgets, an assumption that may not align with real-world
scenarios. Indeed, in Kelly’s seminal paper [12], the mech-
anism appears as a scheme that maximizes social welfare
assuming selfish agents who act as price takers, i.e., agents
that do not anticipate how their bids affect the market price.
However, when agents do anticipate the mechanism behavior,
i.e., they are so-called price-anticipating, their interaction
becomes a continuous-strategy competitive game. In such
a setting, existence, uniqueness, and characterization of the
Nash equilibrium have been established [8], and the resulting
allocation is guaranteed to achieve at least 3/4 of the optimal
social welfare [11]. To further reduce the efficiency loss, mod-
ified Kelly-type mechanisms incorporating specific weighting
functions—such as those analyzed in [13], [19]—can attain
optimal social welfare, effectively bridging the efficiency gap
in the original mechanism.

The aforementioned works established the Kelly mechanism
as a promising approach to decentralized allocation under the
simplifying assumption of unlimited budgets. More recently,
researchers have investigated the more realistic setting in
which price-anticipating users with limited budgets engage
in a game induced by the Kelly mechanism [3]-[5], [17].
In this context, a more appropriate goal than conventional
social welfare is referred to as Liquid Social Welfare (LSW).



LSW takes into consideration budget constraints by limiting
an agent’s utility to their maximum budget. The rationale for
adopting this metric instead of social welfare is elaborated
in [1]. Notably, [4] provides a lower bound on the Liguid
Price of Anarchy (LPoA), defined as the ratio between the
optimal LSW and the worst-case LSW at equilibrium across all
possible equilibria. For any decentralized resource allocation
mechanism with n agents, the LPoA lower bound is 2 — 1/n.
The Kelly mechanism achieves an LPoA of 2, making its
worst case performance asymptotically optimal in the budgeted
setting.

The optimality of the Kelly mechanism in budget-
constrained settings in terms of LPoA raises several criti-
cal questions. Notably, LPoA optimality is achieved at an
equilibrium of the game induced among the agents by the
Kelly mechanism. However, our understanding of this Nash
equilibrium remains limited. Key questions include: Is the
equilibrium unique? Does it consist of a finite or infinite set
of points? How does it depend on the agents’ utility functions
and on their budgets? Under what conditions does the system
converge to this equilibrium, thereby achieving the optimal
LSW?

To our knowledge, these questions have only been partially
answered in a particular setting. Namely, for a class of
agents whose utilities increase linearly with the fraction of
the received resource and where the weighting function is
the identity [7]. Specifically, [7] shows that, in this restricted
setting, the equilibrium is unique and proposes a revision
strategy that enables the system to converge to this unique
equilibrium. However, more realistic settings often involve
agents with diminishing returns, where the marginal utility
of additional resources decreases as the amount received
increases. This renders the linear utility model inadequate for
many practical scenarios.

Contributions

This paper makes two main contributions. First, we derive
a sufficient condition on the utility functions of the game
induced by the Kelly mechanism, under general weighting
functions, that guarantees the uniqueness of the Nash equi-
librium. This result is resumed in Theorem 2. Second, we
propose a general class of distributed learning algorithms in
Alg. 1 and prove that, under a condition similar to, but weaker
than the aforementioned sufficient condition, these algorithms
drive the system toward the unique Nash equilibrium. This
result is resumed in Theorem 3. Interestingly, both sufficient
conditions reduce to verifying that the maximum of a specific
continuously differentiable function, given in closed form in
(14), is strictly negative. In particular, as shown in Lemma 3,
both conditions hold when the utility functions grow logarith-
mically with the fraction of the resource received, and they
hold for arbitrary convex, increasing weighting functions.

A central concept common to the proofs of Theorems 2
and 3 is what we term Strong Diagonal Strict Concavity
(SDSC) in Definition 2. SDSC requires that the pseudo-
Hessian—a matrix of second partial derivatives of the payoff

functions—is negative definite for every possible set of agent
actions. SDSC is a crucial property for establishing both
the uniqueness of the Nash equilibrium [2] and convergence
toward it [15]. However, directly verifying SDSC is chal-
lenging because the eigenvalue expressions of the Hessian
generally lack closed-form expressions and the condition must
be verified over the entire space of possible multi-strategies.
Our sufficient conditions ensure that SDSC holds, thereby
simplifying the verification process to merely checking that
the maximum of a closed-form function is strictly negative.

Finally, we complement our results with numerical simu-
lations that provide insights into the interdependence of the
Nash equilibrium, e.g., the corresponding LPoA, the players
budgets, and their utilities.

Road map

The rest of the paper is organized as follows. In Section II,
we formally introduce the Kelly mechanism and its underlying
game. Section III explores the connection between the SDSC
property and both the uniqueness and learnability of the Nash
equilibrium, deriving a sufficient condition for it to hold.
Section IV identifies a class of utility functions for which the
Nash equilibrium is unique and describes a class of distributed
learning algorithms able to drive the system toward such
equilibrium. Section V reports numerical simulations, and we
conclude the paper in Section VI.

II. PROBLEM FORMULATION

We consider the allocation of a unit-sized divisible resource
among n users according to the general allocation mechanism
proposed in [13], which extends the proportionally fair Kelly
mechanism introduced in [12].

Bidding. Each agent ¢ submits a bid b; that must be at least
a fixed positive constant ¢;, that is, b; > ¢; > 0.

Allocation: Based on these bids, the resource owner allocates
fractions z;(b) of the resource according to

sl if w;(b;) > 0
z;(b) = i wy(b)+s? ( ) ; W
0, otherwise,

where w; : Rt — RT are continuous, increasing functions
governing how resources are distributed, and § > 0 is a
reservation parameter [13]. If w; is the identity function, this
mechanism reduces to the classic Kelly mechanism.

Following [13], define z; = w;(b;), which can be viewed as
the signal submitted by the agents, with the required payment
given by the function p; : RT™ — R* defined as

pi(zi) 2w (z), 2
where w; ! is the inverse of w;. Under this change of variable,
the allocation rule becomes

s— if 2; > 0,
wi(z) = {Z“ o (3)

0 otherwise.

Note that both formulations are equivalent in the sense that
the allocated fraction corresponding to a given payment is the



same in each setting. For simplicity, we will focus on the
second formulation using z in the remainder of the paper.

Each agent has a valuation function V; : [0,1] — RZ,,
where V;(z;) quantifies monetary benefit of acquiring a frac-
tion x; of the resource. The payoff function for agent <,
denoted ¢;, is defined as the value the agent derives from
the allocated fraction minus the payment, i.e.,

[I>

pi(z) = Vi(i(2)) — pi(z). )
We study the budgeted Kelly mechanism, where each agent
has a budget constraint ¢;, i.e., p;(2;) < ¢;.

When agents are aware that the Kelly mechanism governs
resource allocation, the interaction between them forms a
competitive game G with payoff functions ¢ = (©4)icn]
and an action space constrained by budgets, denoted R =
Ri X ... X R,, where ¢ = pi_l(ei) and ¢; = pi_l(c,-). We
make the following assumptions about the functions V; and
Pi-

Assumption 1. Over the domain [0, 1], V; is strictly increas-
ing, concave, and twice continuously differentiable (V; &

c2([o, 1))).

Assumption 2. Over the domain RY,, p; is convex, increasing
with respect to z; for any 1, and twice continuously differen-
tiable, i.e., p € C*(RZ).

Note that the above assumptions are standard [10], [13].
Moreover, it is natural for V; and p; to be increasing. Agents
gain greater utility from receiving a larger share of the
resource, and submitting a higher signal leads to a larger
payment.

Let (z;,z_;) denote the vector where agent ¢ submits a bid
zi, while the other agents submit bids z_;.

Definition 1 (Nash Equilibrium). A strategy profile z* =
(27, 25,...,2%) € R is a Nash Equilibrium (NE) if, for every
player i € [n],
wi(2],25;) > wi(zi,2%;) Vzi €R; (5)

As a consequence of Assumptions 1 and 2, the function
(; 1s concave in its ¢-th component and twice continuously
differentiable on RTZ‘O, and the actions set R is non empty,

closed, bounded, and convex. Existence of a Nash Equilibrium
(NE) of the game G follows by [2, Thm. 1].

Theorem 1. The set of Nash equillibria of G, denoted NE(G)
is non-empty, i.e., NE(G) # .

A Nash equilibrium point is important as it represents a
stable state where no player has an incentive to deviate,
thereby serving as a reference for analyzing the system’s
behavior. For example, prior work has investigated the op-
timality of the system’s social welfare, namely Zf\il Vi(z;),
at an equilibrium point in the no-budget setting [11], and the

liquid social welfare, denoted by LSW, in the budgeted setting.
Formally, LSW is defined as,

LSW(x) £ “min (Vi(zi),c;): » 2 <1 (6)
i=1 i=1

Notably, if z* € NE(G), then LSW(x(z*)) > iLSW*,
where LSW™ is the maximal liquid social welfare across all
possible allocations [4, Thm. 5.1]. Moreover, this worst-case
lower bound is asymptotically optimal in n for any resource
allocation mechanism [4, Thm. 3.1], and it is attained by the
Kelly mechanism.

III. STRONG DIAGONAL STRICT CONCAVITY

For a vector r € RZ,, SDSC is defined in terms of the
n x n matrix H,(z), whose (¢, j)-entry is given by

(Hy(2))i; £ 5ij¢i(z) +7; ajz,i@j(z), (7

where the partial derivative is taken with respect to the actions
of player ¢ and j, i.e., 2; and z;, respectively.

Definition 2 (Strong Diagonal Strict Concavity). The game G
satisfy Strong Diagonal Strict Concavity in r if and only if the
matrix Hy.(z) is negative definite for all z € R:

max {vTH,(z)v} < 0. (8)

viv]=1
In this case, we write that G satisfies SDSC(r).

In this section, we derive a sufficient condition that simpli-
fies verifying whether the game G satisfies SDSC(r). Iden-
tifying this property reveals important characteristics of G.
Specifically, if there exists an r such that G satisfies SDSC(r),
then the game is diagonally strictly concave with respect to
r [2, Thm. 6], guaranteeing the uniqueness of the Nash equilib-
rium [2, Thm. 2]. Furthermore, if G satisfies SDSC(1), then it
is globally variationally stable [15, Proposition 2.8]. This sta-
bility property enables adapting online learning algorithms—
originally developed to minimize the regret metric [9]—to
drive the system toward the unique Nash equilibrium [15,
Thm. 4.6]. We leverage these insights to establish uniqueness
in Theorem 2, propose a decentralized user bidding strategy
in Algorithm 1, and prove its convergence to the Nash equi-
librium in Theorem 3.

Given the central role of SDSC, we now examine the matrix
H,.(z) to derive a sufficient condition for the SDSC property.
The second-order partial derivatives of the payoff functions
81-27 ji can be written as

07 jpi(z) = 07 ;Ui(z) — s (i), 9)

where U;(z) = Vi(z;(z)), and p; is the second derivative
of p;. Note that p; is convex, which implies it contributes
to the matrix H,(z) as a diagonal matrix whose entries are
—2r;9;(z;) < 0 and thus is negative semi-definite. Conse-
quently, any failure of H,(z) to be negative definite would
stem from the matrix formed by 97 ,;U;(z). Lemma 1 shows
that this matrix has a particular structure.



Lemma 1. The partial derivatives of U; verify,

(2T () — 3 J1(@i(2)s 1=,
( )(‘3mU2( ) {gi(xi(z)), otherwise, (10)
where:
filws) = (1= 2:)? V() — 2(1 — a) Vi), (11)
gi(x;) = —i(1 — ) Vi(:) + (225 — 1)Vi(). (12)

Here, V;(-) and V;(-) denote the first and second derivatives
of Vi, respectively, and m(z) = (6 + > 1| z;)*

The proof is reported in Appendix A. Lemma 1 shows that
the matrix of second partial derivatives of the functions U; can
be rewritten using a change of variable from z € R to x(z),
where the set A is defined as the image of R under mapping
z — x(z) as in (3). Moreover, this reformulated matrix can be
decomposed into the sum of a diagonal matrix, with entries
fi(z;)—gi(x;), and a rank-one matrix, whose entries are given
by gi(x;). It is easy to show then that A verifies,

. >
AC{XE[O,l] xz_~7+c+5 E Z_C+5}
(13)

where C' = >"" | ¢ and C; = i Ci- Let F be the family
of games G with payoff functions ¢ in (4) and action set in

R, such that Vx € A,
- Tigi(xi)Q = 1
(i—l ki(x;) > (; riki(z;) )’

(14)

d(x) <1:9(x)=

where k;(z;) =
minzieni pz (Zl)

Lemma 2 leverages the particular structure of the matrix in
Lemma 1 to derive a sufficient condition for SDSC.

Lemma 2. G € 7, — § satisfies SDSC(r).

gi(x;) — fi(x;) + 6°L; and L; =

Proof: We assume that G € F,. and prove that the matrix
H,(z) is negative definite for every z € R. To this end,
we introduce the following notation. We define the vectors
g = (gi(xi(2)))1, and £ = (fi(x:(2))y. and set F;(z) =
9i(2i(2)) — fi(zi(2)) + m(z)pi(2), so that k = (k;(z))i_ ;.
Here, © denotes the Hadamard (elementwise) product, 1 is
the vector of ones, and A(a) represents the diagonal matrix
whose diagonal entries are the components of a.

Thanks to Lemma 1, the matrix can be expressed as

e E ), = 2 @)~ m ), =
( )(H7( ))ld {ngz(xl(z))—l—rﬂ gj(x](z))ﬂ if ¢ 7&]
(15)

Thus, the matrix H,.(z) can be written compactly as

Hy(z) = —2A(kor) + (gor)1m+ 1(g®r)T. (16)

Notice that k;(z) > k;(z;(z)). Moreover, replacing by the
expressions of g; and f; in (12) and (11), we obtain,

ki(ws) = (m; — 1) Vi) + Vi) + 6° min fi(zi). (A7)

By Assumptions 1 and 2, we have V; >0, V; <0, and ; >
0. Moreover, since z;(z) < 1 (as x € A), it follows that
Let v € RY. Using the expression of H,.(z), we have

v H v=-2 <ZU ri k
< -2 (Zv?rikz(x (z))

(v, gOT) (v, >>

- <V’ g@I’) <Va 1>> ’
(18)

where (-,-) denotes the inner product.

We now rewrite the inner products in (18) by noting that, for
any vector a, the notation +/a represents the vector obtained by
taking the square root of each component of a, and the ratio

of two vectors is computed elementwise. Define the vector
k = (ki(z;(2)))Y,. We have that,

<v,g®r>=<v®\/@, ﬁ\/gg>, (19)
(v, 1) = <v®\/@, \/k%r> (20)

Applying the Cauchy-Schwarz inequality to these expressions
and substituting into (18) yields
) +2 (Z v riki (@i )

vHr

v< QZ’UZ ri k

==

_QZvlmk‘ (zi(z (

1
z))) . @1)

which concludes the proof. |

Lemma 3. Consider the game G, with payoff functions @ in
4), 6 > 0, and action set R. Let V;(z) = a;log(x) + d;, with
a; > 0, then,
o G satisfies SDSC(r) for r; = a; .
2
o if (maxi anW max; Hﬁ) < 1 and a; >
362L;, then G satisfies SDSC(1).



Proof: Assume that V;(z) = a;log(z) +d;, 6 > 0, and
r; = a; '. Straightforward calculations show that g;(z) = a;
and k;(r) = ai/s? + 02L;. Thus 1 (x) verifies,

n ai n 1
blx) = (Z /+§L> (Z /+5L> 22

i=1 i=1

n 2 n 4 4
< (Zx?) < (Zx) < (Cié) <L @3
=1 i=1

Now, we assume that r; = 1. In this case,

n (12332 n 1‘2

i=1 i=1

One can verify that functions of the form #°/(a+ba?) with a >
0, b > 0, and a > 3b are convex over [0,1]. Given that,
a; > 302L; for any i, we deduce that 1) is the product of two
convex functions. The maximum of a convex function over a
convex set is attained at an extreme point. Moreover, given
that x € A, and A is a subset of the n dimensional simplex,
we deduce that,

Cl2 1
< [ s 1 5
w(X) B (mlax a; + 52Lz> (mLaX a; + 52LZ) <1, ( 5)

which concludes the proof. [ |

IV. NASH EQUILIBRIUM: UNIQUENESS AND LEARNING

Lemma 2 guarantees that G statisfies SDSC(r) whenever
G € F;. This condition, in turn, allows us to apply [2, Thm. 2]
and [2, Thm. 6], which together establish the uniqueness of
the Nash equilibrium in Theorem 2.

Theorem 2. [f there exists v € RY such that G € F, then the
set of Nash equilibria of G is a singleton, i.e., INE(G)| = 1.

We now consider a sequential variant of the game. At time
step t = 0, all agents submit an initial vector of bids z(0),
which is then broadcast by the resource owner to all agents, or,
equivalently, the aggregated demand m(z). At each step t > 1,
the agents update (revise) their actions according to some
strategy that might depend on all previous bids (z(s))'Z}.
Specifically, at step ¢, each agent ¢ can choose a bid z;(t)
subject to the budget constraint p; (2;(t)) < ¢; or equivalently,
z(t) < p;'(e;) = &. The updated bids (or m(z)) are
then broadcast to all agents again. Algorithm 1 introduces
a general class of bidding strategies, parameterized by the
partitioning of players into two disjoint groups, I; and I,
where I; U Iy = [n] and I; N Iy = (). For any player 4, y;(¢)
denotes the accumulated discounted gradient of its utility with
respect to its action. Formally, y;(0) = 0 and for ¢ > 1,

Yi(t) = yi(t — 1) + m0;pi(z(t — 1)), (26)
where z(t — 1) represents the actions of all the players at
step ¢ — 1 and stepsize n; = ¢t~ for B € (0, 1]. The players
then convert this gradient information into a bid depending on

)

i

their group. If ¢ € Iy, then, z;(t) = Q
zi(t) = QEQ)(yi(t)), where,

QEI)(y) = maXx (gw min (ya él)) 3
QEQ)(y) = max (€i7 min (eyfl, Ei)) .

The above update rules bear similarity to the online gradient
ascent framework of [21]. However, a key distinction arises
in the update mechanism: while the latter defines updates
zi(t) = le)(zi(t — 1) + mOipi(z(t — 1))), the update
rule in Alg. 1 decouples the gradient updates. Specifically,
gradients are first independently integrated into an auxiliary
variable y;(t), which is subsequently projected as a bid via
the transformation z;(t) = le)(yi(t)) for agents in Iy, and
similarly z;(t) = Ql@)(yi(t)) for agents in I5.

(yi(t)); otherwise,

27)
(28)

Algorithm 1 Bidding strategy

1: Input: Initial bids {z;(0)}",, step size parameter [,
number of iterations 7', groups I; and I.

2: Output bidding strategy at each step: (z(t))7,
3: fort =1to T do

4: e < f%

S: yl(t) — yl(t - 1) + ntaiapi(z(t — 1)), Vi € [n]
o Viel z(t) & Q1)

Vi€ D, 2(t) < Q7 (uilt)

8

: end for

Theorem 3. If G € Fy (see (14)), then the sequence z(t)
generated by the update rule in Algorithm I converges to the
unique Nash equilibrium of the game as t — oc.

Proof: Let X = [e,c| and let h: X — R be a regularizer
or penalty function. Define the operator ) by
Qy) = argmax (A(y.2)) : h(y,2) = yz—h(z). @9
First, we will show in Lemma 4 that le) and Q?) correspond
to this map @ when h(z) = 3z? (quadratic regularizer) or
h(z) = zlog = (entropic regularizer), respectively, with ¢ = &
and € = €;. Hence, Algorithm 1 belongs to the class of Dual
Averaging algorithms introduced in [15]. The convergence of
these algorithms to a Nash equilibrium is contingent on two
conditions stated in [15, Thm. 4.6].
Condition 1: Define
F(ty) = h*(y) = h(y. 0), 1" (y) = max {h(y. =)} (30)

zEX

Here, h* is the convex conjugate of h. We require that if
there is a sequence {y,} C R such that Q(y,) — ¢, then
F(¢,y,) — 0.1In fact, Lemma 4 (proof in Appendix B) ensures
that this property holds for both the quadratic and entropic
cases.

Lemma 4. For the two regularizers below, and for ¢ = ¢; and
e = €;, Q(y) has closed-form expressions:

e Quadratic: if h(z) = %22, then Q(y) = Qz(‘l)(y)'



o Entropic: if h(z) = zlogz with h(0) = 0, then Q(y) =
oIt
Moreover, if there exists a sequence {y,} C R with Q(y,) —
¢, then F(¢,y,) — 0.

Condition 2: The game G must be globally variationally
stable. A sufficient condition is that G satisfies SDSC(1) [15,
Prop. 2.8]. Since G € F; by assumption, Theorem 2 implies
G is indeed globally variationally stable.

As both conditions of [15, Thm. 4.6] are satisfied, the
sequence z(t) converges to the unique Nash equilibrium. H

Combining Theorems 2, 3, and Lemma 3, we prove Corol-
lary 1.

Corollary 1. The Nash equilibrium of the game G is
unique for arbitrary weighting functions when Vi(x) =
a;logx —|—2di, with a; > 0 and 6 > 0. Moreover, if
max; m ﬁ) < 1 and a; > 36%L;, then
Alg. 1 is guaranteed to converge to this unique equilibrium.

max;

In scenarios where agents only observe a noisy estimate
of the aggregate bid ), z;, Alg. 1 may fail to converge to
the game’s equilibrium without additional assumptions on the
noise in the gradient estimates. However, if in addition to the
conditions of Theorem 3, the noisy gradients satisty 6{(;5,; =
0;¢; +(; and (; are zero mean random variables with bounded
variance, then Alg. 1 converges almost surely to the unique
equilibrium of the game [15, Thm. 4.7].

V. NUMERICAL SIMULATIONS

In this section, we evaluate the efficiency of the Kelly
mechanism in terms of the liquid price of anarchy (LPoA).
We consider a class of games in F7. For these games, the
Nash equilibrium is unique (Theorem 2), and Algorithm 1
is guaranteed to converge to this equilibrium (Theorem 3).
Formally, the LPoA is defined as

LSW*

LPoA £ — ;
min,eng(g) LSW(x(z))

€29

where the optimal liquid social welfare is given by LSW* =
maxyxea LSW(x), and the liquid social welfare LSW is de-
fined in (6).

In our simulations, we set the number of players to n = 20,
0 = 1, require an entry bid of at least 1, i.e., ¢, = 1, use a
constant step size n = 0.01 in Alg. 1, and consider payoff
functions of the form

0i(z) = a;log(zi(z)) + d; — 2, (32)

with a; > 0 and d; > 0. We define d? as the small-
est value of d; for which a; log(xi(z)) +d; > 0, ie.,
d? = a;log (1 + Mzei% . Indeed, whenever LSW is
positive at an equilibrium point of the game, LPoA > 1, and
setting d; = d? ensures that.

For this simulation setup, the computation of the LPoA re-
quires two elements: (i) the equilibrium point of the game,
and (ii) the maximizer of >, min(a; log(z;) + d;, ¢;) over
the convex set A (see (13)). Observing that this optimization

problem has a concave objective, we solve the KKT conditions
via a bisection algorithm, thus obtaining LSW*. We then com-
pute the unique equilibrium of the game G using Algorithm 1,
and finally deduce LPoA.

We consider three settings. First, we examine the impact of
different regularizers among players, specifically the choice
between a quadratic regularizer and an entropic regularizer.
Second, we analyze the impact of heterogeneous utilities
among players (i.e., different values of a;). Finally, we evaluate
the effect of varying budgets.

40
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<
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Fig. 1: LPoA and bidding dynamics for identical utilities and
different regularizers: ¢; = 100, a; = 50, d; = O.5d?.

Impact of Strategy Revision Policies. In this scenario, all
players have the same utility function and the same budget.
Specifically, we set a; = a = 50 and ¢; = ¢ = 100 for
every player 7. By a symmetry argument, all players share
the same strategy at an equilibrium point. If z* € (e;,¢;)
is an equilibrium of the game, then it satisfies the following
quadratic equation:

n(z*)? — z*(a(n — 1) = 6) — ad = 0. (33)

In Figure 1, we assess the influence of different regularizers,
which correspond to distinct player revision policies: (i) when
only the regularizer Q") (Quadratic) is applied, (ii) when only
the regularizer Q®) (Entropic) is applied, and (iii) when half
of the players uses Q1) and the other half uses Q) (Hybrid).



Figure la illustrates the average bid at each iteration, i.e.,
L3 1 %(t). The red curve represents the positive solution
to (33). We observe that the Entropic regularizer strategy
converges the fastest to the Nash equilibrium, followed by
the Hybrid regularizer, and then by the Quadratic regularizer.
However, in general, we cannot assert that one strategy is
always faster than the others. For instance, for values of 7
larger than 0.01, the Quadratic regularizer converges faster, but
the Entropic regularizer becomes slower. Figure 1b shows the
evolution of the LPoA under different regularizers. While all
regularizers attain near-optimal performance in the symmetric
case, the Hybrid-regularizer strategy requires many iterations
to achieve such performance. Indeed, in a symmetric setup,
the LSW is maximized when the resource is uniformly allo-
cated among the agents. We ascribe this behavior to the fact
that, under the Hybrid regularizer, agents are more likely to
submit different bids, which delays convergence to the optimal
allocation.
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Fig. 2: LPoA with heterogeneous utilities: d; = 0.9dY.

Impact of Heterogeneous Utilities. In the second experiment,
shown in Figure 2, players have heterogeneous utility functions
defined by a; = 50 -4~7 for v € {0,0.1,0.5,1,1.5}, but
they have identical budgets ¢; = 100. We use the Entropic
regularizer for all players. As v increases, the heterogeneity
among players grows, and the resulting LPoA decreases. This
can be explained when n = 2, § = 0, ¢, = 0, and for
large enough budgets: the optimal allocation is (z7,z3) =
(Y/p+1,9/p+1), whereas the allocation at the Nash equilibrium
is (7% 23Y) = (Y yp+1,vP/yp+1), with p = @a2/a,. One
can then show that LPoA is increasing in p over (0,1) and
decreasing over (1,+00) with p* = 1 being the maximizer of
LPoA.
Impact of Heterogeneous Budgets. Finally in the last experi-
ment reported in Fig. 3, we describe the behavior of LPoA for
players with heterogeneous budgets, namely ¢; = 100-4* with
w € {0,1,1.25,1.5}, and identical utilities (a; = a = 10). As
1 increases, the LPoA becomes worse.

This is expected because when agents have identical util-
ities, the uniform allocation is optimal and varying budgets
across users introduces asymmetry to the allocation at the Nash
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Fig. 3: LPoA with heterogenous budgets: d; = 0.9dY.

equilibrium.

VI. CONCLUSION

In this paper, we studied the game that arises from the
competition among budget-limited agents in an auction where
an infinitely divisible resource is allocated proportionally to
the bids. We established a sufficient condition for the unique-
ness of the Nash equilibrium and designed a general class of
distributed bidding algorithms that drive the system toward
this equilibrium. Moreover, we leveraged these algorithms to
shed light on the relationship between the efficiency of the
resource allocation mechanism, measured by the liquid price
of anarchy, and the heterogeneity of both the payoff functions
and the budgets.

In future work, we plan to extend our analysis to more
general payoff functions, such as the a-fair utilities. We also
intend to explore a sequential setting in which agents do not
always participate in the auction, as well as scenarios where
agents bid simultaneously for more than one resource.

APPENDIX

A. Proof of Lemma 1

Proof: The calculation of the derivative of U; with respect
to z; writes

N
Y 245 .
ai UZ (Zl) _ Z];&z Zj ‘/; Zi ) (34)
N XL ats
(S, 2+9) =121

The elements on the diagonal can be written as
2N zi+6 . )
02U (a) = ey (o
(Zl:l 21 + 5)‘3 Zl:l 21+ 0

Zi\;z Zl + 5 . Zi
=) W =
(D212 21+ 0)? D= at o

> _ filwi(2)



In a similar fashion we obtain the off-diagonal entries

Zl]\ilzl—Fé—Q(zgﬁzl—i—é). %

02 Ui(z) = ;
1,571 3 i N
(Zl]\il z + 5) Yimato
N
_ dupi At o o T Zi _ gi(zi(2))
N 4 4 4 N S - m(z)2
(Zl:l 2+ 5) Dt
(36)
which concludes the calculation. [ |

B. Proof of Lemma 4

Proof: Assume that h(z) = 2%

1. Compute Q(y): The maximizer of the function yz —
122 = —L(y — 2)* 4+ 1y? over z € [e, (] coincides with the
minimizer of (y — 2)2, which is the projection of y onto the
interval [e, c] and thus @ coincides with le) when € = ¢; and
C = Cj.

2. Derive h*(y): Substitute Q(y) into yz — 32z%

h(y.€), y<e
h*(y) = éyQ, 0<y<ec, (37)
h(y,c), y=>c.

3. Prove Q(y,) =1 = F(l,yn) — 0:

e Case 1: [ € (e,c). Then y,, — [, and F(l,y,) = 1% +
%yﬁ —ypl — 0.

e Case 2: | = c or | = €. Then, there exists ng, such that
Vn > ng, Yyn > ¢ (or y, < € if [ = ¢€). Thus for such n,
F(e,yn) = %CQ + (ync — %62) — ynpc = 0 and a similar

reasoning holds for [ = e.

Assume that h(z) = z1nz.

1. Compute Q(y). The maximizer of yz — zlog z over z €
€, c] is found by setting the derivative y — (log 2z + 1) to zero,
yielding z = e¥~!. Constraining z € [, |, we obtain Q(y) =
Qz(-z)(y) when € = ¢; and ¢ = ¢;.

2. Derive h*(y). Substitute Q(y)
max e, (yz — zlog z):

o If y <1+loge: h*(y) = h(y,e)

o If ye (1+1loge,1+41logc]): h*(y) =ev~ 1.

o If y>1+1loge: h*(y) = h(y,c).

3. Prove Q(y,) = 1 = F(l,yn) — 0. Consider three
cases:

into h*(y) =

e Case 1: 0 <[ < c. Here y, — 1 + logl, leading to:
F(l,y,) = llogl +e¥~! —y,l -=0.

e Case 2: [ = € or [ = c. Then, there exists ng, such that
VYn > ng, yn > c (or y, < € if [ = €). Thus for such
n, F(c,yn) = clogc+ (ync — cloge) —y,c =0, and a
similar reasoning holds for | = e.

In all cases, F'(I,y,) — 0, which concludes the proof. [ |
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