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Abstract—Spectrum sharing plays an important role in meet-
ing the demand for the 6G and advanced wireless communi-
cations. This paper considers a framework of time-frequency
prioritized spectrum sharing, in which a given band of spectrum
is shared both in time and frequency with certain service
providers (SPs) having priority access to given time-frequency
partitions and other partitions available for use by all SPs. We
investigate the competition between the two SPs in such a setting
under both Bertrand and Cournot competition models, where SPs
compete by either announcing prices or quantities, respectively.
We calculate a market equilibrium for both competition models
and analyze the impact of the available bandwidth and the
spectrum sharing parameters on the revenues of the SPs, the
customer surplus, and the social welfare.

Index Terms—spectrum sharing, market modeling, Bertrand
competition, Cournot competition

I. INTRODUCTION

Spectrum sharing has been put forward as a needed ap-
proach for meeting the projected demands for wireless services
into 6G and beyond [1]. Many approaches to spectrum sharing
can be viewed as partitioning a band of spectrum in a given
location both in time and frequency, where certain users may
have priority to access a given time-frequency partition. For
example, in the recent CBRS system deployed in the U.S., the
available bandwidth is partitioned into 10 MHz channels, some
of which are licensed to specific service providers (SP) who
obtain a Priority Access License (PAL) [2]. These SPs then
temporally share the given band with incumbent users. Other
portions of this band are available for any provider to use as
Generalized Authorized Access (GAA) users. Time/frequency
prioritization can also be provided through the choice of
different technologies by different users of shared spectrum.
For example, in unlicensed spectrum, a protocol like LTE-U
[3] may give users adopting it an effective priority to a portion
of the spectrum at certain times over users adopting a different
protocol like WiFi [4].

We consider a model for time-frequency prioritized spec-
trum sharing that is motivated by such scenarios. Our goal is
to study the market interaction of SPs utilizing such spectrum,
that are competing for a common pool of customers. This
approach is related to the body of work studying market com-
petition and spectrum sharing including [5]-[15]. In particular,
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we consider models as in [5]-[8], [15], where firms compete
for a common pool of customers who are sensitive to both the
price they pay for service and the congestion of the service
they are using. Here, this congestion depends on the prioritized
time-frequency sharing.

We focus on a model with two SPs, each with an exclusive
proprietary band of spectrum and prioritized access to a
portion of a shared band. Additionally, we assume that both
SPs can use the shared band at any time/frequency where no
SP has priority access.! Prior work in this area has focused on
one of two different models for competition. For example, [6]—
[8] consider a Bertrand competition model where SPs com-
pete by announcing prices, while [5], [15] consider Cournot
competition, where SPs compete by announcing quantities
of customers to serve. Here, we consider both forms of
competition and compare their outcomes.

Our main results are as follows:

o In Bertrand competition, prioritized sharing can improve
the revenues of the SPs, but it harms the customer
surplus. It may improve social welfare with a small shared
bandwidth, but hurt it when the shared bandwidth is large.

e In Cournot competition, prioritized sharing may improve
the revenue of a SP with a small shared bandwidth, but
harms it when the shared bandwidth is large enough. It
also hurts the customer surplus and social welfare.

o Cournot competition is more likely to achieve a higher
social welfare than Bertrand competition when the pri-
oritized sharing parameters are set so that it does not
deviate so much from the case without prioritized sharing,
or when the licensed bandwidths are relatively large and
the shared bandwidth lies in a particular range.

o When the shared bandwidth is large enough, the customer
surplus and social welfare can be enlarged by setting any
three bandwidths to be larger, but the revenue of a SP can
only be improved if its licensed bandwidth is adjusted

properly.

IThis generalizes model in previous work. For example, work in [5]
considers a case where a SP may have priority to some frequencies, but does
not model temporal priority. Likewise, the work in [8] considers a special
case where only one SP has priority to a given time-frequency band, while
any other SP must only use the shared portion of the band.



II. SYSTEM MODEL

In this article, we consider a market similar to that in [4],
but with two incumbent SPs and no entrants. Both the SPs
may use the prioritized sharing technology, which is a duty-
cycle based technology. Each SP has its own licensed band of
spectrum, so it can provide its licensed service on this band,
and they also have access to a single shared band of spectrum,
which can be shared using either prioritized sharing or shared
without any priority. The bandwidths of the licensed bands of
SPs 1 and 2 are respectively denoted by B; and Bs, and the
shared bandwidth is denoted by W. When prioritized sharing
is adopted, a SP has exclusive access to a portion of the shared
spectrum for a fixed fraction of time. Portions of the spectrum
in time and/or frequency that are not reserved for priority use
can be used by both SPs, e.g. similar to unlicensed access
with WiFi. Hence, a SP can offer both a priority and a non-
priority service. We assume that the prioritized sharing modes
of both SPs are the same at all time, which take a percentage
« of time to be ‘ON’. We also use [ as the percentage of the
shared spectrum occupied by the prioritized sharing during its
‘ON’ mode, where each SP takes a percentage of /2 of the
unlicensed spectrum. When « = 0 or § = 0, it is equivalent
to the case without prioritized sharing.

The SPs are assumed to compete for a common pool of in-
finitesimal customers. Besides the Bertrand competition model
considered in [4], where each SP announces the prices for both
its licensed and unlicensed services, and gets an amount of
customers determined by the market, we also consider another
competition scheme, that is, Cournot competition [5], where
the strategy of each SP is related to the amounts of customers
served by its licensed and unlicensed services, and the prices
are given by a mechanism to ensure the compatibility between
the prices and the user amounts. For SP ¢ (i = 1,2),
its licensed service announces a price denoted by p;; and
achieves a user amount denoted by xz;;. For the unlicensed
service, its announced price and user amount are p; ,, and Z; ,,
respectively, and thus the total revenue it achieves from both
services is p; 1Ti1 + Pi,uTiu-

As in [8], [16], a service is characterized by a congestion
cost denoted by ¢ (X,Y"), which is assumed to be increasing
in the total customer mass X on the spectrum band and
decreasing in the bandwidth Y. In this article, we assume
g (X,Y) = X/Y, which is proportional to the customer mass
per unit bandwidth. When the SPs apply prioritized sharing,
the congestion that the customers experience will vary across
the duty cycle. We assume that customers are sensitive to the
average congestion across the duty cycle, which is a reasonable
assumption since over the time-scale that customers select SPs
and services they will receive service over many duty cycles.
The average congestion of customers served by the licensed
service of SP 7 (¢ = 1,2) is given by
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where B;+3W/2 is the total bandwidth of the licensed service
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We call B.; the equivalent licensed bandwidth of SP i, where
‘equivalent’ means the congestion §; ; (x;,;) given in (1) is the
same as in a setting where the licensed bandwidth of the same
SP is B.; and prioritized sharing is not adopted. The average
congestion experienced by customers of the unlicensed service
is
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where X, = x1, + x2, is the total amount of users served
by non-prioritized sharing. Note that unlicensed users of either
SP share a same spectrum, so they experience the same
congestion. (1 — §) W is the shared bandwidth that is not
occupied by prioritized sharing during its ‘ON’ mode and thus
available for non-prioritized sharing, and
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is called equivalent shared bandwidth. As « or (3 goes up,
prioritized sharing deviates more from the case without pri-
oritized sharing, and thus the equivalent licensed bandwidths
B, and B, increase, while the equivalent shared bandwidth
W, decreases. It is also not difficult to verify that B.; + W,
Bes +W,, and the total equivalent bandwidth Be1 + Beo+ W,
decrease in (3, and therefore prioritized sharing results in
a lower total equivalent bandwidth compared with the case
without prioritized sharing.

As in [6], [7], we assume that customers are only interested
in the services with the lowest delivered price, which is given
by the sum of the announced price and the average congestion
cost of the service. Hence, the delivered price of the licensed
service provided by SP 4 is p; ; + §;; (; ), and the delivered
price of the unlicensed service provided by the same SP is
Piu+ Ju ($1,u + xgyu). We assume that customers are charac-
terized by a linear inverse demand function P (¢) = 1 — g,
which indicates the delivered price at which a mass of ¢
customers are willing to pay for service. The announced prices
of the SPs and the demands of services are assumed to satisfy
the Wardrop equilibrium conditions [17]. In our model, the
conditions are

Gu (Xu) =« +(1-a) 3)

Dijg + Gig (xi) = P (X), for z;; >0, 1=1,2, (5a)
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X), fori=1,2,

pig+ Gig(wig) > P( (5b)
Diw+Gu(T1u+T2,) = P(X), forx;,>0, i=1,2, (5¢)
pi,u +gu($1,u+m2,u) 2 P(X) ) for i = 17 27 (Sd)

where X = Z?Zl(xi7l+xi,u) is the total amount of users
that are served. The conditions imply that at the Wardrop
equilibrium, all the services serving a positive amount of
customers will end up with the same delivered price, which
is given by the inverse demand function, and all the services
with no customers have a delivered price equal to or higher

than that. A Nash equilibrium of the game is one in which



the customers are in a Wardrop equilibrium and no SP i
can improve its revenue p; ;T;; + Pi.%i. by changing its
competition strategy (anticipating the impact this will have
on the Wardrop equilibrium). At an equilibrium, the customer
surplus is defined as the difference between the delivered
price each customer pays and the amount it is willing to pay,
integrated over all the customers, i.e.,

CS/OXP(:,;)P(X)dx %XQ.

The social welfare of the market is the sum of consumer
welfare and the SPs’ revenues:
2
SW =CS+ Z(Pi,lxi,l + Diuiu)-
i=1
III. EQUILIBRIUM POINTS
In this section, we analyze the Nash equilibria of the model
introduced in Section II. Two competition schemes, Bertrand
competition and Cournot competition, are analyzed, where the
competition strategies of the SPs are announced prices and
planned user amounts, respectively.

A. Bertrand Competition

We first consider Bertrand competition, where both the
SPs announce equilibrium prices of their services in or-
der to maximize their respective revenues, and the user
amount of each service is determined by the Wardrop equi-
librium condition given in (5). We first show how the an-
nounced prices D11, P21, P1,u, P2, affect the user amounts
21,1, 2,0, 1,4, T2,u, and then analyze the competition between
the two SPs, characterized by the Nash equilibrium under
Bertrand competition.

According to (5¢) and (5d), if the two SPs announce
different prices for the unlicensed services, that is, p1 ,, # D2 v,
then the SP with a higher price would end up with a zero
unlicensed user amount, that is, 1, = 0 if p1, > pay, oOr
T4 = 0 if 29, > x1,; otherwise, if the announced prices
are the same, then from the customers’ point of view, there is
no difference between two SPs because they occupy the same
band. According to the Wardrop equilibrium conditions (5),
the congestion expressions (1), (3), and the inverse demand
function P (q) = 1 — ¢, given the fixed announced prices
D1,1, P2,15 P1,us P2,u, the final inverse demand is

1+ (k1 Beip1, + ko1 Beapa + £y Wepy)
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where p,, = min (py ,, p2.,), and each of k1 1, Ko 1, Ky, 1s either
1 if the respective equation (5a) or (5¢) can be satisfied (with

positive or zero user amount), or 0 otherwise. We have x; = 1
if and only if py < P (X). The licensed user amounts are

_{Bei(P(X)pi,l)7 Kig =1
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and the total unlicensed user amount is
We (P(X) 7pu)7 Ky =1,

Xy =T1y+Toyu =
b2, {07 Fu = 0

It is guaranteed that the selection of K1, K2, K, 1S UNique,
and so is the distribution of customer demand.

We then move on to Bertrand competition between the SPs.
Similar to the result given in [4, Lemma 4.1], the unlicensed
services provided by both SPs are free of charge because if any
SP announces a positive price, then the other SP can announce
a slightly lower price to grab the whole market. Hence, we
have p1 ., = p2,, = 0, and the strategy for SP j is to adjust p; ,
to maximize its revenue p;,;x;,; subject to the constraints given
in (5) (or equivalently, given in (6) and (7)). Since a positive
revenue is attainable for SP j (for example, by announcing
a positive but low enough price p;; and getting a positive
number of customers), under a Nash equilibrium, the licensed
service of any SP should serve a positive number of customers,
so the equation (5a) is guaranteed by both ¢ = 1 and 2, or
equivalently, we have k1; = ko; = 1 in (6). Based on the
above analysis, the announced prices of different services in
equilibrium are given by
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and the respective user amounts are given in (9)-(11). Here,
we use the superscript “b” to denote the Bertrand equilibrium.

Based on the announced prices and user amounts given
above, the following results can be proved, which show the
impacts of prioritized sharing and bandwidths:

Lemma 1: In Bertrand competition, when B.; and B.s
increase, and the total equivalent bandwidth B.j + Beo + W,
decreases, the announced price, user amount, and revenue
for licensed service provided by any SP increase, but the
unlicensed user amount X° and the total user amount (and
thus the customer surplus) decreases.

This is natural because a larger equivalent bandwidth can
relieve the congestion on the band, allowing the SP to get
more customers and announce a higher price, but it occupies
the shared band, making the equivalent shared bandwidth and
the total equivalent bandwidth smaller, so that the unlicensed
service becomes less valuable due to higher congestion, moti-
vating its customers to switch to licensed service or leave the
market. A special case of Lemma 1 is given below.

Corollary 2: In Bertrand competition, the revenues of both
SPs increase in 3, but the user amount of unlicensed services
and the customer surplus decrease in 3. Particularly, prioritized
sharing increases the revenues of both SPs, but it reduces
the user amount of unlicensed services and thus harms the
customer surplus.

The prioritized sharing may improve or harm social welfare,
which depends on other parameters. The effects of prioritized
sharing on the social welfare are investigated in Section IV.
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Lemma 3: In Bertrand competition, the revenue R? of SP 1,
as a function of B, Be —; 2 W., decreases in B. _; and
W.. There exists 0 < by < by such that, as B,; increases, Ri-’
increases when B,; < by, decreases when b < B; < by (if
by > b1), and increases when B,; > b.

It is natural for Rf to decrease in B, _; and W, since the
congestion on bands that SP ¢ cannot get a positive profit
decreases, motivating customers served by the licensed service
of SP i to shift to their services. The variation of R} as
B,; increases is a little bit more complicated. In fact, as
B.; increases, the licensed service price p® ;1 of its opponent
decreases, making SP ¢ drop its price to retain its customers,
so its revenue R? may decrease even though its licensed user
amount %, increases.

Corollary 4: If the licensed bandwidth of a SP is large
enough in Bertrand competition, its revenue increases in its
licensed bandwidth.

Corollary 5: The revenue of one SP is decreasing in the
licensed bandwidth of its opponent in Bertrand competition.

Lemma 6: The total user amount in Bertrand competition,
as a function of B.q, Bea, W,, increases when either of the
equivalent bandwidths B.;, B.s, W, increases, resulting in
the increase of the customer surplus.

Corollary 7: The customer surplus in Bertrand competition
increases when either of the actual bandwidths By, By, W
increases.

Lemma 8: The social welfare in Bertrand competition, as a
function of B.i, Bea, W, increases in B,y and B.s. There
exists a w > 0 such that the social welfare decreases in W,
when W, < w (if w > 0) but increases in W, when W, > w.

Corollary 9: The social welfare in Bertrand competition
increases in the licensed bandwidth of any SP, i.e., B; and
B,.

B. Cournot Competition

We then consider Cournot competition, where both the
SPs compete by planning the user amounts of their services.
Service prices are then determined according to (5). Note that
the announced prices are the results of customer amounts,
and when the user amount of a service is zero, whether the
delivered price is equal to the inverse demand or strictly higher
than that has no effect on the revenue of any SP and thus
does not affect the equilibrium. For example, if z;; = 0 for
some SP 4, then p;; can be any value greater than or equal
to P (X)— gi,1 (x;,). Therefore, we assume that the delivered

’In this paper, we use —i to denote SP j # i.

prices are always equal to the inverse demand function, i.e.,
the equations in (5) are always satisfied no matter if the user
amount is positive.

For SP j (7 = 1,2), its revenue maximization can be
expressed as

Lmax PjiTj1 + PjuTiu
subject to pig=P(X)—§i1(ziy), 1=1,2,
Piw =P (X) = Gu (xl,u"‘x?,u) , 1=1,2,
T1,0, 2,0, T1,u, T2, = 0.
(12)

After some mathematical manipulations, the solution to (12)
is given by

T max< 0 We — 23 We Tju
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Upon combining the expressions of x;; and z;, for both
7 = 1,2, the Nash equilibrium can be given in (13)-(14), where
we use the superscript “c” to denote the Cournot equilibrium.
Combined with the conditions in (12), the announced prices
of licensed services are given in (15), and that of unlicensed
services provided by any SP is given by

Lyl =

p;lu Bel > 2 (1 + Be2 + We) )
PZ = p(137l7 Be2 > 2 (1 + Bel + We) 5 (16)
1/3, otherwise.

According to (13)-(16), for ¢ = 1,2, if the equivalent
licensed bandwidth B.; of SP ¢ is much larger than W, and
that of its opponent, so that B,y > 2 (Bes + W, + 1), then
SP i does not need to provide unlicensed service to maximize
its profit, and the whole shared band can be occupied by
SP —i. Thus, the spectral allocation and pricing model is
the same as the case where the equivalent bandwidths of
SPs i and —¢ are B.; and B, _; + W, respectively, and the
equivalent shared bandwidth is zero. Otherwise, if neither B,
nor B, is significantly large, then the unlicensed service price
is always 1/3 regardless of the equivalent bandwidths. We can
also arrive at the following results, showing the impacts of
prioritized sharing and bandwidths on the market outcomes:

Lemma 10: In Cournot competition, when B.; and B
increase, and the total equivalent bandwidth B,y + Beo + W,
decreases, the user amount z{ ;, x5 ; served by licensed service
of any SP increases, while the user amount z7 ,,, 25 , served
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by unlicensed service of any SP decreases (or remains zero).
As a result, the total customer amount decreases, indicating a
lower customer surplus.

This is a natural result, as a larger bandwidth is more likely
to serve more customers.

Corollary 11: In Cournot competition, the user amount
served by the licensed service of any SP increases in /3, but that
served by the unlicensed service of any SP decreases in /3. The
customer surplus also decreases in 3. Particularly, prioritized
sharing increases the licensed user amounts but decreases the
unlicensed user amounts, thus lowering the customer surplus.

Whether the prioritized sharing improves or harms the
revenue of a SP depends on other parameters, which is
investigated in Section IV.

Lemma 12: In Cournot competition, the customer surplus
and social welfare, as functions of B.i, Be2, W, are increas-
ing. A larger equivalent bandwidth B.1, Bea, or W, results in
a higher customer surplus and a higher welfare.

Corollary 13: A larger actual bandwidth By, By, or W
results in a higher customer surplus and a higher welfare.

Lemma 14: In Cournot competition, the revenue R of
a SP ¢, as a function of B.;, B. —;, W, increases in Be;
and decreases in B, _;. It decreases in W, when B.; >
2(1+ Be,—i + W) (so that 2§, = 0) but increases in W,
otherwise. '

Note that in Cournot competition, the revenue of a SP
consists of two parts, including that obtained in the licensed
service and that from the unlicensed service. When W, is
large enough, a bigger W, can lower the congestion on the
shared band and attract more customers for both SPs, so the
trend of R{ as W, increases is different from that in Bertrand
competition scenario.

Corollary 15: The revenue of a SP in Cournot competition
increases in its licensed bandwidth and decreases in its oppo-
nent’s licensed bandwidth.

IV. NUMERICAL RESULTS

In this section, numerical results are presented to show the
effects of bandwidths and parameters «, /3 on the revenues of
both SPs, customer surplus, and social welfare. The announced
prices and user amounts of services are calculated in both

Bertrand and Cournot competition settings according to their
respective expressions given in Section III.

A. Fixed Actual Bandwidths

We first show the effects of o and 8 on the market outcomes
given fixed actual bandwidths By, By, W. When B; = 1,
Bs = 2, W = 1, under Bertrand competition, the revenues
of both SPs and customer and social surpluses as functions
of o are shown in Fig. 1. Note that « = 0 and 8 = 0 are

Fig. 1. Market outcomes as functions of « in Bertrand competition with
By =1, Bo =2, W =1, and different 3.

equivalent, both representing the scenario without prioritized
sharing, so the outcomes achieved by 3 = 0 are the same
as those under the case « = 0. It can be observed that
prioritized sharing improves the revenues of both SPs but hurts
the customer surplus, which is consistent with Corollary 2.
Given a fixed o > 0, a bigger [ results in higher revenues of
both SPs and a lower customer surplus. Given a fixed 8 > 0,
when « is relatively small, the revenues increase in «, and
the customer surplus decreases in «. This may be because
a greater « results in larger equivalent licensed bandwidths
Be; of both SPs and smaller equivalent shared bandwidth W,



which is beneficial for the SPs to get higher profits. However,
when « is close to one, the revenue may be decreasing in «
in some cases, possibly because the competition between the
two SPs becomes more intense, e.g., the revenue of SP 2 when
£ = 0.9. For the customer surplus, it decreases in o when « is
small or § is not very large, but when 8 = 0.9, the customer
surplus may increase in o when « is large. Nevertheless, for
any pair of (a, ), the customer surplus does not exceed its
maximum level achieved without prioritized sharing. Whether
the prioritized sharing technique improves the social welfare
depends on the values of « and 3, and Fig. 1 indicates that
prioritized sharing is more likely to improve the social welfare
with a higher value of «, and the highest social welfare is
achieved at @ = 8 = 1. This may be because when « is large,
the equivalent licensed bandwidths B,; are much larger than
the respective B;, improving the revenues a lot, but the loss
of the total equivalent bandwidth B.; + B.s + W, compared
with the case without prioritized sharing is small, indicating
that the customer welfare is not reduced so much.

In Cournot competition, the market outcomes are shown
in Fig. 2. Unlike Bertrand competition, where a SP can only

Fig. 2. Market outcomes as functions of « in Bertrand competition with
B =1, Bo =2, W =1, and different 3.

get profit from its licensed service, it is not guaranteed that
the prioritized sharing is beneficial to a SP. When prioritized
sharing is applied, SP 1 with a smaller actual bandwidth gains
a lower revenue, but SP 2 with a larger actual bandwidth
achieves a higher revenue. The prioritized sharing technique
harms the customer surplus, and a bigger [ results in a lower
customer surplus, which is similar to Bertrand competition and
has been proved in Corollary 11. Prioritized sharing also hurts
the social welfare, as shown on the top of Fig. 2.

It is easy to verify from Figs. 1 and 2 that, compared with
Bertrand competition, Cournot improves the revenues of SPs
but hurts the custom welfare. The effect of social welfare is
not so straightforward. According to Fig. 3, where the social
welfares of both competitions are plotted, it can be seen that
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Fig. 3. Social welfares as functions of « in both Bertrand and Cournot

competition, with By = 1, By = 2, W = 1, and different .

Cournot competition is more likely to achieve a higher welfare
when « and 8 do not deviate too far from the case without
prioritized sharing, in other words, when « and [ are not
too large. However, this trend is only shown for the case of
B1 =1, By =2, W =1 and may not hold for other sets of
bandwidths.

B. Fixed o and f3

In this subsection, we show the impacts of the bandwidths
By, By, W both with and without prioritized sharing. Given
B =1, a = 8 = 0.5, the revenues of both SPs are shown in
Fig. 4, where a8 = 0 refers to the scenarios without prioritized
sharing. In this example, each SP gets a higher revenue

Bi=1B,=1 a=pf=05R,
Bi=1By=2 — === af—0 Ry

0.14f Bi—1By—5 —mmmto = f= 05 Ry
B1 =2 By =2 coeeereeees af =0 R,

Cournot

Bertrand

Fig. 4. Revenues as functions of W in Bertrand and Cournot competitions.
For the cases where B1 = B2, only R; is shown since Ry = Rj.

with a larger bandwidth of itself or a smaller bandwidth of
its opponent, as attractive in Corollary 4, Corollary 5, and
Corollary 15. In Bertrand competition, the revenues of both
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Fig. 5. Zoomed-in version of Fig. 4, but only for revenues under B1 = By =
1 or 2 and Cournot competition.

SPs are also decreasing in the shared bandwidth W, probably
because the free unlicensed access service would be more
welcomed with lower congestion, compared with licensed
services. By improving the equivalent licensed bandwidths
and suppressing the equivalent shared bandwidths, prioritized
sharing improves the revenues of the SPs, which is consistent
with the result given in Corollary 2. Such trends are not
the case in Cournot competition, where the use of prioritized
sharing or a higher W may increase or decrease the revenue of
a SP since the unlicensed service is not free of charge. In our
example, the revenue R; of SP 1 with a lower bandwidth is
increasing in W when W is between 0 and 5, but R, decreases
in W when By =1, B, =2 or 5, and W < 2.5. However,
when W is high enough, the revenues of both SPs increase in
W since a larger W allows the SPs to suppress the congestion
and serve more customers, and Cournot competition allows the
SPs to make use of this benefit rather than falling into a price
war. As for the effects of prioritized sharing, when By = 1,
Bs = 2 or 5, prioritized sharing lowers the revenue R; of SP 1
with its bandwidth lower than its opponent, but improves the
revenue Ry of SP 2. When B; = B; = 1 or 2, prioritized
sharing improves the revenues of the SPs when W is small
but hurts them when W is large, as shown in Fig. 5. The
maximum threshold of W that allows prioritized sharing to
improve the revenue of each SP, as a function of B; and Bo,
is shown in Fig. 6. It can be observed that the threshold of
W for R; increases in B; and decreases in B_;. We also find
that such thresholds decrease and increase as S goes from 0
to 1, and increase in a.

The social welfare under the same set of parameters is
shown in Fig. 7. The welfare is increasing in W in Bertrand
competition when W is larger than 0.5, and in Cournot
competition for all W as proved in Corollary 13. A larger
licensed bandwidth of any SP yields a higher welfare, which
is consistent with Corollary 9 and Corollary 13. In Bertrand
competition, prioritized sharing is beneficial for the social
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Fig. 6. Maximum W to allow prioritized sharing to improve the revenue of
one of the SPs in Cournot competition, given « = 8 = 0.5 and Bj, Ba.
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Fig. 7. Social welfares as functions of W in Bertrand and Cournot compe-
titions.

welfare when the shared bandwidth W is very small, but
harms the social welfare when W is large. The maximum
threshold of W that allows prioritized sharing to improve the
social welfare is shown in Fig. 8. It can be observed that
this threshold generally increases in the licensed bandwidth
B; of SP i, especially when the ratio B;/B_; is not too large.
Under the current setting of @« = f = 0.5, this threshold
is always lower than either B; or Bs. We also observe that
such a threshold shows a rising trend as « increases, and
may decrease and then increase in S as § goes from O to 1.
In Cournot competition, prioritized sharing always hurts the
social welfare. Moreover, under the cases (B1, Bz) = (1,5)
and (2,2), Bertrand competition achieves a higher welfare
than Cournot competition, which also holds when W is
very small or sufficiently large in the other two cases of
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Fig. 8. Maximum W to allow prioritized sharing to improve the social welfare
in Bertrand competition, given o = 5 = 0.5 and By, Bs.

licensed bandwidths. This suggests that Cournot competition
may be beneficial to the social welfare only when the licensed
bandwidths are not very large and the shared bandwidth lies
in a particular range.

V. CONCLUSION

In this article, we considered competition in a wireless
market, where two SPs compete using time-frequency priori-
tized sharing of a common band of spectrum as well as their
own proprietary spectrum. We investigated two competition
schemes, Bertrand and Cournot competitions, and analyzed
the effects of the prioritized sharing technology, which allows
the licensed services to occupy a portion of the shared band
in a duty-cycle mode. We derived the equilibrium announced
prices and user amounts of each SP under both Bertrand and
Cournot competitions. Our results show that prioritized sharing
can improve the revenues of the SPs in Bertrand competition,
or in Cournot competition when the shared bandwidth is
relatively small. Prioritized sharing also harms the customer
surplus, and may be harmful to the social welfare in Cournot
competition, but it might benefit the social welfare when the
shared bandwidth is small. In addition, Cournot competition
is beneficial for the SPs but harmful to the customers, and
it is more likely to achieve a higher social welfare than
Bertrand competition when the prioritized sharing parameters
are set so that it does not deviate so much from the case
without prioritized sharing, or when the licensed bandwidths
are relatively large and the shared bandwidth lies in a particular
range.

Possible future work includes considering more general
settings such as the case where there are entrants (as in
[4]) or more than two incumbent SPs in the market. Other
possible directions include considering dynamic settings or
heterogeneous customers.
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