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Abstract—This paper presents a novel analysis of the direc-
tional RTS/CTS handshake mechanism using stochastic geome-
try, treating its impact as a thinning process in a spatial point
process. We introduce unique thinning procedures based on the
cosine antenna pattern, offering a more accurate representation
of directional transmission in millimeter-wave networks. Through
these models, we derive expressions for the intensity of concurrent
transmitter processes and the mean interference. Our analysis
provides key insights into how mean interference varies with
system parameters such as antenna configuration and protection
distance. Specifically, numerical results demonstrate that increas-
ing the number of transmit antennas reduces interference, though
diminishing returns are observed as the number of antennas
grows.

Index Terms—Antenna pattern, directional RTS/CTS mecha-
nism, millimeter wave, stochastic geometry

I. INTRODUCTION
A. Motivation

WLAN standards have evolved into one of the most widely
deployed and efficient network access technologies. However,
their widespread adoption has also highlighted a signifi-
cant challenge: the hidden terminal problem. The Request-
to-Send/Clear-to-Send (RTS/CTS) handshake mechanism was
introduced to mitigate this issue [1]. Unlike traditional CSMA,
the RTS/CTS mechanism establishes protection zones around
both the transmitter and receiver, effectively reducing interfer-
ence and enhancing communication reliability.

As wireless networks continue to evolve, sub-6 GHz fre-
quency bands are becoming increasingly congested, presenting
a significant challenge in meeting future demand [2]. This
scarcity of spectrum has driven researchers and industry
experts to explore higher-frequency bands to accommodate
growing capacity requirements.

In response, the IEEE has developed standards such as
802.11ad and its successor 802.11ay, both of which operate
in the millimeter-wave frequency band [3]. These standards
leverage the RTS/CTS mechanism to effectively manage chan-
nel access and reduce interference, ensuring high performance
even in dense environments [4]. The integration of beam-
forming in 802.11ad/ay enables directional transmission of
mmWave signals [5], giving rise to the directional RTS/CTS
mechanism.

This study is driven by the need to better understand the
spatial distribution and interference patterns introduced by the
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directional RTS/CTS mechanism. By analyzing the resulting
mean interference, we aim to gain insights into how this mech-
anism affects network performance. Such an understanding is
essential for optimizing the design and operation of future
mmWave communication systems, where directional signaling
plays a key role in achieving high data rates and supporting
dense network environments.

B. Related Works

Several studies have explored mmWave networks and their
unique characteristics. In [6], real-world measurements at
28GHz and 73GHz were used to derive spatial statistical
models for mmWave channels, providing a realistic assessment
of dense urban mmWave deployments. The study shows that
mmWave signals are highly sensitive to blockages, leading to
significantly different path loss laws for line-of-sight (LOS)
and non-line-of-sight (NLOS) scenarios.

To account for the distinct differences between LOS and
NLOS conditions, [7] presents analytical results for coverage
and rate analysis in mmWave cellular networks, using a flat-
top antenna pattern to approximate beamforming patterns.
Similarly, [8] applies stochastic geometry to analyze mmWave
wireless networks within finite areas, adopting the flat-top
antenna pattern. In [9], the performance of two inter-cell
interference coordination schemes (PL-ICIC and PG-ICIC) is
analyzed for millimeter-wave cellular networks.

While the above studies are based on the flat-top antenna
pattern—a tractable but simplified model—they introduce sig-
nificant discrepancies when evaluating overall network perfor-
mance. To address this, [10] introduces the sinc and cosine
antenna patterns, comparing them with the flat-top model to
analyze coverage probability in mmWave networks. Further-
more, [11] adopts the cosine antenna pattern and develops a
novel stochastic geometry model comprising two subsystems.

A limitation of the aforementioned works is their reliance
on the Poisson point process (PPP), which is accurate for
ALOHA-based MAC schemes but not suitable for RTS/CTS
mechanism networks. In RTS/CTS networks, the distribution
of active transmitters and receivers exhibits a repulsive rela-
tionship, which PPP fails to capture.

To model this repulsive distribution, previous studies of-
ten employed the Matérn Hard-Core Process (MHCP) [12]-
[14]. However, MHCP does not fully capture the RTS/CTS
mechanism’s characteristics, where protection zones are set
around both transmitters and receivers. In [15], a marked point
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Fig. 1. Illustration of the bipolar model with Type I thinning for the directional
RTS/CTS mechanism. In this model, each transmitter (black square) is paired
with a corresponding receiver (white circle). The link between the transceiver
pair is active only if no other transmitter exists within the combined protection
zone.

process model is proposed to more accurately characterize the
distribution of transceivers and their corresponding receivers
in RTS/CTS networks. However, this model does not account
for the directional RTS/CTS mechanism, making it unsuitable
for mmWave Wi-Fi systems.

C. Contributions

This paper focuses on the directional RTS/CTS handshake
mechanism. The key contributions of our study are summa-
rized as follows:

« We design a protection zone based on the cosine antenna
pattern to specifically address the directional transmission
characteristics of mmWave signals, as opposed to the
traditional disk-shaped protection zone.

o We propose two distinct types of directional thinning,
arising from the directional RTS/CTS mechanism in
mmWave systems. These thinning effects are fundamen-
tally driven by the unique characteristics of the protection
zones. The unique characteristic is expressed through its
directionality.

o We derive exact evaluations for the intensity of concurrent
transmitter processes and the mean interference, adapting
traditional statistical measures to account for the spatial
dependencies introduced by the directional RTS/CTS
mechanism.

The remainder of this paper is organized as follows: Section
IT presents the system model, including the protection zones
and directional thinning. Section III derives the mean interfer-
ence for the typical receiver. Section IV verifies the theoretical
results through simulations. Finally, Section V concludes the

paper.

II. SYSTEM MODEL
A. Network and Channel Models

To characterize the locations of transmitters and receivers,
we begin with a Poisson bipolar model. All transmitters are
assumed to be distributed according to a homogeneous PPP,
and have corresponding receivers at the fixed distance D.
And we define the effect of directional RTS/CTS as the
directional thinning, which selectively keeps some transmitters
silent based on the RTS/CTS rule.

All transmitters and receivers are equipped with the uniform
liner array (ULA) with IV, antenna elements and N, antenna
elements respectively. The receivers use multiple antennas to
feedback CTS after receiving RTS from the corresponding
transmitter, and a single antenna for reception, i.e., omnidi-
rectional reception.

After applying the directional RTS/CTS mechanism, trans-
mitters and receivers set up their own protection zone and
then transmitters transmit information to the corresponding
receivers.

Next we will discuss the channel model. The mmWave prop-
agation environment is characterized by a clustered channel
model. In this paper, we focus on the LOS path [10]

h, = VNp,al (9,), (1)

N is the number of antenna. al?(9J,.) is the conjugate transpose

of the array response vectors. The small-scale fading gain p,,
follows independent Nakagami-M fading.

B. Directional Thinning

We begin by considering the protection zone of the transmit-
ter. Assume that the transmitters are equipped with uniform
linear arrays with N; antenna elements. The array response
vector is expressed as

1 . ) T
at(,ﬂa:) = 1a e 76]27.{]“9367 e 76]27T(Nt_1)19w . (2)

VN
where 9, = %sin ¢z, and d, A, and ¢, represent the antenna
spacing, wavelength, and physical angle of departure (AoD),
respectively.

In the paper, we assume that AoD between each receiver
and the corresponding transmitter and is zero. Therefore, the
optimal analog beamforming vector for both the transmitter
and receiver is

1 T
W:717"'717"'71 ) (3)
yod |
Using the optimal beamforming vector in (3), the beam-
forming gain Gy (¥,) is given by
|2 _sin®(nN,,) @
NZ sin?(19,)
However, the above expression is difficult to analyze further
due to the sine functions in both the numerator and denomi-
nator. To simplify, we approximate the antenna pattern using
the cosine model [10]

Gact(ﬁx) = ‘afl(ﬁf)w

TN,
Gcos(’&z) = cos? ( 2t’l9m) for |19$| < Nit’ &)
0 otherwise.



It is well-known that sinx ~ z as x — 0. Therefore, we
can approximate (5) as

cos? (
0

mNedg) for |osl < s

otherwise.

Gi(¢z) = { (6)

We then define the protection zone of transmitter y as .Sy

Sy—{P€R25|Z/P|SRt\/Gt(¢),
_y?-ﬁ}

lyP[lyz|
where z is the corresponding receiver of transmitter y, and R,
is the maximum protection radius of the transmitter. .S, is the
sum of the blue area and the red area in Fig. 2, i.e., the RTS
cleaned region.

Similarly, the protection zone of receiver x is defined as

S, = {p eR?: |zP| < R,\/G,(9),

(7N
cos(¢)

8
) = 71 v
[z P[|zy| J°
where G,.(¢) is the receiver antenna gain, given by
2 (xNed A
Gy = | Fax70) forlol <,
0 otherwise.

Sy is the sum of the yellow area and the red area in Fig. 2,
i.e., the CTS cleaned region.

In the case of omnidirectional antennas, i.e., d =0, N, = 1,
and N, = 1, the protection zones S, and S, are simply disks
centered at y and x, respectively.

1) Type I thinning: We assume ®, = {(y;,6;,k;)} to be a
dependently marked PPP with ground process ®, of intensity
A, on R%, where

o &, = {y;} denotes the locations of potential transmitters;

e 0, denotes the i.i.d. orientation of the receiver for the
transmitter y;, uniformly distributed in [0, 27]. Having
assumed a constant distance of DD between a transmit-
ter and its receiver, the orientation 0; together with y;
uniquely determines the receiver x;.

e k; is the medium access indicator.

For (y;,0;,k;) € ®,, let N(y;,0;,k;) denotes the number
of other transmitters within the protection zone of transceiver
pair (y;,0;).

The medium access indicator k; of (y;, 0;, k;) is a dependent
mark defined as

ki = 1(N(y;,0;) = 0). (10
Thus, type I thinning transforms d, into
2 {(2,0): (,0,e) € Py, e=1}. (11)
The intensity of the type I thinning is written as
Ay = Ape 050, (12)

where S, is the area of S, US,, and equal to the aggregate
area of the red, green, and yellow portions shown in Fig. 2.
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Fig. 2. Tllustrative representation of the position relation between the typical
transceiver pair and transceiver pair (r, 3, 0).

2) Type II thinning: We begin with P, = {(yi, 0i,ti ki) }
which is a dependently marked PPP with parent process ®,
of intensity A\, on R?, where

o &, = {y;} denotes the locations of potential transmitters;

e 0, denotes the i.i.d. orientation of the receiver for the

transmitter y;, uniformly distributed in [0, 27].

o {t;} are i.i.d. time marks uniformly distributed in [0, 1].

o k; is the medium access indicator.

For (y;,0;,t:, ki) € d,, let N(y;,0;,t;) denotes the number
of special transmitters, which have smaller time marks than ;
and are within the protection zone of transceiver pair (y;, 6;).

The medium access indicator k; of (y;,0;,t;,k;) is a de-
pendent mark defined as

k’i:l(N<yi,(9i,ti):0>. (13)
Thus, type II thinning transforms d, into
L {(x,0): (,0,t,e) € Dy, e =1}. (14)
We get the intensity of the type II thinning as
1—e %
Ap = ———— 15
b 5. (15)

III. MEAN INTERFERENCE

In this section, we derive the interference of the directional
thinning. Without loss of generality, due to the stationarity
of the point process, we focus on the typical transceiver pair
with the transmitter yo at the origin o and the receiver xg
at (D,0), and we condition on (0,0) € ®. And we assume
that there is no blockage between typical receiver and any
interfering transmitter. Further, we assume that each antenna
of transmitters emits the same amount of transmitting power
Py. The total transmitting power, F;, is the sum of the power
from each antenna, i.e., P, = PyV;.



Before derive the mean interference, we introduce the

following quantities:

e (r,8,0) denotes the transceiver pair with the trans-
mitter y at (rcos(8),rsin(f)) and the receiver x at
(rcos(8) + D cos(8),rsin(8) + Dsin(6)). And the typ-
ical transceiver pair is (0,0,0).

¢ 51 = {(T,ﬁ,e) (TCOS(6)7TS7;TL(B)) € Syo U SIU}
denotes the set of the potential transceiver pair (r, 3, 6),
where the potential transmitter is in the protection zone
of the typical transceiver pair. Furthermore, yy and xg
represent the typical transmitter and typical receiver,
respectively.

o So={(r,B,0) :yo € Sy US,} represents the set of the
potential transceiver pair (r, 8,0), where the protection
zone contains the typical transmitter. Here, y and x
represent the transmitter and receiver, respectively, of the
given transceiver pair.

o Gi(r,[3,0) is the approximate array gain of the trans-
mitter of transceiver pair (r, 3,6) to the typical receiver.
We employ (6) to express this gain for simplicity. Under
condition that the typical transceiver pair is with P, (6)
depends only on the spatial distribution of interfering
transceiver pairs.

e S(r,B,0) denotes the area of the union of the protec-
tion zones of the typical transceiver and the potential
transceiver (r, 53, 6).

Theorem 1. The mean interference experienced by the typical
receiver xg in type I thinning is

S s

(\/7“2 —2rDcosf + D2) Gi(r, B, 0)k(r, B, 0)rdodadr,
(16)

where k(r, 3,0) is given by

- O (7"7/879) E SIU527
k(r,B,0) = {exp (=A\pS(r, B,0)) otherwise.
(17

Proof. Firstly, we introduce the reduced second order factorial
measure of the marked point process K(, 3¢y(B x L) and
the transmitter of (r,3,6) is assumed to be within ®. And
AC(r,8,0)(B x L) is expected number of points located in
B with marks taking values in L under the condition of the
potential transceiver (r, 3,60) € ®.

Using K, 5.0)(B x L), B C R? L C [0,2n] [15], we have

EI)=E'"[ Y PNpal’l(|z — z0])G:

(x,0)ed

WE S Pz - 2l)Gi
(z,0)€d

= )\Pt/ l(‘x*ZE'()|)Gt(ﬂf,a)K(07Q,0)(d(x,9)),
R2 x[0,27]

(18)
where (a) follows | p|” 1s distributed according to a gamma
distribution I'(M, 4 ), with the Nakagami parameter M.

| 2

The second-order factorial moment measure of the marked
point process is written as
OZ(Q)(Bl X BQ X L1 X Lg)
#

2.

(x1,01),(x2,02)€P
(22,02)#(z1,01)

>

(22,02)€P

-F 1, (z1)1p,(x2)1L, (01)1L,(02)

=L 0ed | E 1p,(22)1L,(02)

(@) A°
= o K(x,g)((Bg —x) X Ly)d(zx, 0)
Bl ><L1

b
@ / (/ o ($2791,92)d(I2,92)) d(z1,61),
Bl ><L1 (BQ*{L’l)XLQ

(19)
where (a) follows that £ (Zgzz:ng)zéll,el) 1p, (1‘2)1L2(92))
is the expected number of points located in B, with marks
taking values in Ly under (z;,6) € @, ie., A (z1,0)((B2 —
x1) % Ly) and (b) follows the definition of o(?) and the second-
order product p(2).

We can derive the relationship between K (g,0,0)(B x L) and

0 as follows:

2T o) (2,0, 0)d(z, 0).

K0,0,0)(d(z,0)) = 2¢ (20)
Therefore, (18) can be written as
B(1) = [
A Jr2x(0,24] (21)
I(Jz — x0])0? (x,0,0)Gt(x,0)d(x, 0).
It is clear that the evaluation of o(®)(z, 6y, 6) is
2
9(2)(1:)90’6) = 47172]6(‘%‘70050)7 (22)
/I
where k(z,00,0) represents the probability that two

transceiver pairs (r1,31,00) with a transmitter y; and
(r9, B2,0) with a transmitter yo are both within ® under the
condition |y1y2| = x.

Considering one of the two transceiver pairs is the typical
transceiver pair, k(z,0y,0) depends only on the location of
the other pair, i.e.,

L

(WZ = 2rDeosf + D2) Gy(r, 3, 0)k(r, B, 6)rd6ddr.
(23)
According to the rule of type I thinning, if the transceiver
(r, 8,0) is within S; U Ss, it is impossible that the transceiver
and the typical transceiver are both within ®. And these two
pairs are within ® if and only if there is no other potential
transmitter within the union of the protection zones of two
pairs S(r, 8,0). Further, we can get the value of k(r,S,0)
as exp(—A,S(r, 8,0)) since potential transmitters set D, is a
homogenous PPP with intensity . O

In parallel with Theorem 1, the following theorem gives the
mean interference for type II thinning.



Theorem 2. The mean interference experienced by the typical
transceiver pair yo(0,0,0) in type Il thinning is

E! /\pr 27 27
ol

(/72 = 2rDeosB + D?) Gi(r, B,0)k(r, 3, 6)rdgdsar.

(24)
where k(r, 3,0) is given by
O (T7ﬁ70)651052,
k(r,8,0) = { 2p(S) (r,8,6) € 51N Sy, (25)
p(S)  otherwise,
in which S is the abbreviation of S(r,3,0), and p(S) is
S,e™ S — Se= S 1§ G,
p(S) = (26)

N2(S = S,)S5S,

Proof. The derivation of type II thinning is the same as that
of the type I thinning in Theorem 1 except k(r, 3, 0).

Let their time marks be ¢y of the typical transceiver and to of
the considering transceiver (r, 3, 8) respectively. According to
the rule of type II thinning, if the transceiver is within 51 NSy,
it is impossible that the transceiver and the typical transceiver
are both retained within ®. When the transceiver is within
S1 N Ss, there are two cases of ¢, > t; and to < t;, where
pairs can be both retained. Considering the two cases, we can
get

1 t1
k(r,,@,e):/ e vt U e_)‘th(S_S")dtz} dty
0 0
1 ta
+/ e Mtz [/ e‘APtl(S_S")dh} dt,
0 0
1 t1
= 2/ e MwtiS [/ e)‘Ptz(SS")dtz} dtq,
0 0

which is written as 2p(S). If the transceiver is neither within
S1 N Sy nor within Sy N Se, k(r, 5,0) = p(S). O

27)

IV. NUMERICAL RESULTS

The numerical results are obtained from the analytical
results we have derived. The maximum protection distance of
transmitters R, is always set as R; = 1.2R,. and the distance
between transmitter and receiver is set as D = 0.8R,.. The
path-loss function is I(r) = H% with o = 2.1. To facilitate
the comparison of the impact of the number of antennas, we
assume P, A = 1 and the unit of P; is milliwatts (mW).

Fig. 3 displays the mean interference of the type I as a
function of \,. From the curves, we observe that all curves
first increases with A, and then decreases. This behavior stems
from the fact that the intensity of the type I depends on the
intensity of ground process A, and the thinning probability
of a point that decreases with \,. In the initial phase, as A,
increases, the intensity increases due to its direct dependence
on the ground process. However, beyond a certain critical
point Sio, the thinning probability begins to dominate the
system behavior. Reducing both N, and N, will expand the
protected area, but reducing N, actually increases the mean
interference with smaller \,, shown in Fig. 3, which might
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Fig. 3. The mean interference of type I as a function of the intensity of ®,.
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Fig. 4. The mean interference of type I as a function of the maximum
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seem counterintuitive. This is because increasing N, results in
more transmitters causing interference to the typical receiver.
And we observe that the maximum value of the average
interference is affected by antenna element and R,. It is
positively correlated with N, and inversely correlated with
R, and N,. When J, is relatively low, a higher N, results
in fewer active transmitters causing interference to the typical
receiver. However, as A, increases, a higher N, leads to a
slower decrease in the density of active transmitters with
increasing \,,. This explains why the curves for configurations
with higher values of IV; have a gentler slope and the mean
interference for high NV, is initially lower than for low N, but
eventually becomes higher as A, increases.

Fig. 4 displays the mean interference of the type I as
a function of R,. As evident from the graph, the mean
interference decreases as R, increases, suggesting that as
the protection distance increases, the system experiences a
reduction in interference levels. This behavior can be explained
by the fact that increasing R, while maintaining the antennas
elements results in a larger protected area. The expansion of
the protected region reduces the density of active transmitters,
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which directly leads to a reduction in interference. This figure
illustrates that the curves for configurations with higher N,
values have a gentler slope, aligning with the observations
in Fig. 3, indicating that systems for type I with higher NV,
values exhibit a more gradual decrease in mean interference as
R, increases. This behavior comes from the same underlying
mechanism that causes configurations with higher N, values
to exhibit gentler slopes in their performance curves shown in
Fig. 3.

Fig. 5 shows the mean interference of the type II as
a function of A,. As observed from the graph, the mean
interference increases as A, rises, suggesting that a higher
intensity of the ground process leads to a greater level of
interference. However, the rate of this increase diminishes with
higher values of \,, which indicates that the interference tends
to stabilize and approach a constant value as ), becomes
very large (i.e., as A, — 00). This trend can be attributed
to the intensity of type II. In the initial phase, the intensity
grows with increasing A, increases, following the same trend
as type I. However, once the density is large enough, the
intensity saturates and stabilizes at a constant level. The
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saturation behavior of the mean interference implies that there
is an upper bound for the mean interference, beyond which
further increases in A, will no longer significantly affect the
interference. This stable value is influenced by several key
factors, including the number of antenna elements, including
N; and N, and the maximum protection distance R,.. More
specifically, we observe that the stable value is positively
correlated with N, and inversely correlated with R, and N...
This is because increasing R, and N, will reduce the density
of active transmitters, which is the opposite of increasing N;.
Another important observation from the graph is the difference
in the slopes of the curves. Similar to type I, the curves for
configurations with higher N, values also exhibit a gentler
slope that for low N;.

Fig. 6 displays the mean interference of the type II as
a function of R,. It is evident from the plot that as R,
increases, the mean interference steadily decreases. From the
curves, we observe that curves with the same N; and NV, will
coincide as R, increases. This behavior implies that the effect
of varying A, on mean interference becomes less pronounced
as the protection distance increases. Furthermore, the curves
representing configurations with higher N, values display a
more gradual slope compared to those with lower values
N;. This observation suggests that systems with a higher
N, exhibit greater robustness in terms of their interference
performance as the maximum protection distance R, changes.
In other words, the systems with higher N, values are less
sensitive to fluctuations in interference levels, providing a
more stable performance across varying distances.

Fig. 7 displays the mean interference as a function of NV;.
In (a), the mean interference might fluctuate in the range of
smaller N, values, rather than simply decreasing monotoni-
cally as V; increases. As [V; continues to increase, the mean
interference would monotonically decrease and then gradually
stabilize. In (b), the mean interference decreases as the number
of antenna elements increases overall. And as IN; continues
to increase, the mean interference will gradually stabilize,
similar to the behavior observed in (a). In both (a) and (b),
we observe that the mean interference will trend to stabilize



when Ny > N, and N, only influences the stable value of
the mean interference, not the overall trend of it.

V. CONCLUSION

In this paper, we proposed marked point process models
to characterize the spatial distribution of transceivers under
the directional RTS/CTS handshake mechanism. We derive
the evaluation of the mean interference of a typical receiver
and explore how the mean interference varies with system
parameters such as the maximum protection distance, the
density of transceiver nodes and the number of antennas.
Our analysis reveals the impact of increasing the number
of transmitting antennas on system interference. Increasing
antenna elements can increase robustness of system, but it
also leads to higher costs and a high probability of greater
interference. Therefore, the design of future millimeter-wave
systems must carefully balance these trade-offs to achieve
optimal performance and cost efficiency.
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