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Abstract—We consider a novel resource allocation framework
designed to achieve optimal resource management for edge-
assisted inference tasks. This is obtained by a new optimiza-
tion approach, addressed as conformal Lyapunov optimization,
which integrates online conformal risk control (O-CRC) with
conventional Lyapunov optimization (LO). Unlike traditional LO,
this approach ensures compliance with deterministic long-term
reliability constraints. Simulation results, based on an edge-
assisted segmentation task, demonstrate the effectiveness of the
proposed method in balancing energy consumption and inference
performance, while maintaining strict control over deterministic
long-term constraints, related to the false negative segmentation
rate.

Index Terms—Conformal Risk Control, Lyapunov Optimiza-
tion, online optimization, resource allocation, mobile edge com-
puting, edge inference

I. INTRODUCTION

Mobile edge computing emerged as a key enabler to deliver
cost-effective machine learning (ML) and artificial intelligence
(AI) services in new generation mobile networks [1]. In
this context, optimal resource allocation of transmission and
computational resources is crucial to guarantee the efficient
execution of Al services under specific constraints [2] which,
depending on the task, may focus on energy consumption,
latency, and task reliability.

Lyapunov optimization (LO) is a standard optimization tool
employed in developing dynamic resource allocation strategies
for networked systems [3]. Relying on queuing theory, LO
can effectively tackle long-term average network cost min-
imization, under long-term average constraints. However, in
many use cases, such as autonomous driving, it is necessary
to satisfy strict rather than average reliability guarantees,
which LO fails to meet. Thus, to overcome this limitation, we
propose to employ conformal Lyapunov optimization (CLO),
a novel resource allocation framework that pursues average
long-term network cost minimization under strict reliability
requirements, relying on LO and online-conformal risk control
(O-CRC) [4].
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Related works. The effectiveness of Lyapunov optimization
in optimal resource allocation for edge-assisted inference tasks
is confirmed by many works in the recent literature [5]-
[7]. In [8] the authors developed various resource allocation
strategies for edge-assisted AI/ML tasks focused on the energy,
latency and accuracy trade-offs, while [9] investigates LO
strategies for optimal computation offloading in mobile cloud
computing scenarios. Furthermore, the works [10] and [11]
consider LO-based strategies for ultra reliable and low latency
communications (URLLC), showing the effectiveness of LO
in controlling higher-order statistical moments (e.g., outage
probabilities). Other interesting examples can be found in
[12]-[14], where LO has been employed in energy-harvesting
scenarios, and in [15], [16], where federated learning scenarios
are considered.

Differently, online conformal risk control (O-CRC) [4],
exploiting the conformal prediction (CP) framework [17], it
is designed for inference tasks whose outcome takes the form
of a prediction set. Typical examples are image segmentation
or multi-label classification [18]. More specifically, O-CRC is
precisely designed to control long-term reliability metrics in
online learning environments and gives theoretical reliability
guarantees that the true outcome of the inference task is
included in the predicted set with a specified reliability level.

Many works in the recent literature employ CP/O-CRC in
networked systems [19]-[21]. [19] proposes a CRC approach
to detect occupied subbands in unlicensed spectrum access,
while [21] proposes a CP-based approach for dynamical
scheduling of URLLC traffic. Focusing on edge-inference
scenarios, the approach proposed in [22] leverages on CP
arguments to control the uncertainty in federated inference
tasks, while work [23] shows the effectiveness of O-CRC
in tackling long-term reliability constraints, simultaneously
maximizing the inference performance in image segmentation
tasks. Except for [23], none of the aforementioned works
considers network cost optimization under deterministic long-
term guarantees. However, the scope of [23] is not general, as
it is tailored only to sensors networks with star topology.

Our contributions. This paper presents CLO, a novel
framework for optimal dynamic resource allocation that en-
sures deterministic reliability constraints in end-to-end deci-
sion processes for general wireless networked systems. Sim-
ulation results demonstrate the effectiveness of the proposed
framework in pursuing network cost optimization under strict



reliability constraints, and highlight its advantages over stan-
dard resource allocation strategies based on LO.

II. SYSTEM MODEL
A. Network Model
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Fig. 1: Hierarchical scenario. Moving toward the cloud for
better inference (i.e., smaller prediction sets), with increased
latency and energy consumption.

We represent the network as a directed graph G = (N, €),
where N is the set of nodes and & C {(n,m) : n,m €
N,n # m} defines the links. The nodes are partitioned as
N =UUS, where U denotes the set of edge devices (ED)
or users, and S denotes the set of edge or cloud servers.
EDs offload data to servers to perform inference tasks under
reliability constraints. Each server in S hosts an inference
model for processing data units (DU) from EDs. The network
follows a hierarchical structure, depicted in Figure 1, where the
computational capacity, and the associated inference accuracy,
increase with the distance from EDs [24].

B. Data Acquisition and Processing

We consider a discrete time axis with time-slots of fixed
duration 4. For each time-slot, each k-th ED may generate a
new inference task. We model the generation of new inference
tasks with the random variable A*(t) ~ Bern(\*), where \¥ €
[0,1] is the probability of a generation event. We define the
vector A(t) = {AF(#)}E | to collect the number of tasks
generated at the ¢-th time slot. We denote as 7% () the specific
inference task, encoded with W bits. The tasks generated at
the t-th slot are collected in the vector T = {7%(¢)} 1 .

The decision on the task is taken at the server s at some later
time-slot, denoted by the variable 7% () > ¢. We also denote
as TF(t) the generation time of the task belonging to the k-
th ED, and completed by the server s during the ¢-th slot.
Inference performance is affected by the complexity of the
model deployed on server s, and by the difficulty of the task
7k (t). This behavior is captured by the loss L(7,#) for any
decision taken by the server s for a given task 7, where the
hyperparameter 6 allows tuning the decision strategy acting

as a threshold on the confidence level at the output of the
inference model (see Figure 1), as detailed in the next section.

C. Timeline

The time slots are partitioned into frames indexed by
f = 0,1,..., each composed of S slots. Thus, in a time
horizon of T slots, we have F' = T/S frames. This time
axis organization is meaningful, as it allows for monitoring
the average inference performance on the considered frame.
Furthermore, it is crucial to provide theoretical guarantees
on the convergence of the algorithm to a close-to-optimal
solution, as we will detail in Section IV.

D. Reliability and Precision in Set Predictions

Herein we focus on binary image segmentation tasks where,
for any input image x, the goal is to provide a binary mask
C(z, ) encoding the pixels belonging to a target, as

C(x,0) = {(i,7) : p(i, jlx) > 0}, ey
where (i,7) are the pixels coordinates, and p(i,j|z) is the
estimated probability that pixel (i,5) belongs to the object
of interest (e.g., an obstacle to be avoided) [18]. We aim to
control the false negative rate (FNR) loss, given by the fraction
of pixels belonging to the target not included in the set C(z, 6),
ie.,

B ’y NC(z, 9)|

[l
where y is the set of pixels including the object of interest
and C(z,0) is the set complement of C(z,6). FNR (2) is
a reliability loss that increases for increasing values of the
hyperparameter 6. Thus, reducing the hyperparameter 6 in-
creases the reliability level of the decision. In general, we are
interested in the class of loss functions L;(7,6) that satisfy
the following assumption.

Ly(x,0) ; 2

Assumption 1. The reliability loss Lg(7,0) is a non-
decreasing function in the hyperparameter 6 for each server
s € S and for each task 7. Furthermore, it is bounded in the
interval [0, 1], and it satisfies the equality

Ly(7,0) =0, foreach s € S and 7. 3)

According to Assumption 1, the highest reliability level
is achieved by pushing the hyperparameter 6 towards O.
However, this leads to less precise (i.e., informative) decisions.
To computationally measure this trade-off, we introduce a
precision loss F (7, #), adhering to the following assumption.

Assumption 2. The precision loss F(7,6) is a non-increasing
function in the hyperparameter 6 for each s € S and for each
task 7. Furthermore, it is bounded in the interval [0, 1], and it
satisfies the equality

Fy(7,0) =1, foreach s € S and 7. 4)

In a segmentation problem a meaningful precision loss is

given by the fraction between false positive pixels and the size
of the object of interest, i.e.,
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E. Transmission and Queuing Model

We focus on the conventional queuing model for multi-hop
wireless networks described in [3]. At each time-slot, network
nodes can either process a portion of the queued tasks or
forward them to another node. During each time-slot, each
server has the capacity to process an inference task for each
ED. To formalize this, we introduce the following variable

L (t) = 1, if server s processes a task for the k-th ED
SN 0, otherwise.
(6)

Furthermore, we impose a computational constraint on the
maximum number of DUs processable by the server s, i.e.,
Zszl I¥(t) < 1™ We collect the decision variables in the
set I(t) = {IJ (t) }reu,ses-

Similarly, we denote by R(t) = {RE . ()} (n.m)ece keu the
indicator variables that specify whether the links are utilized
for transmitting a data unit by the k-th edge device (ED) during
the ¢-th time slot. The variable R}, (¢) reads as

1,
Rﬁ,m(t) = {0

We also impose a transmission constraint, enforcing a restric-
tion on the total number of DUs that may traverse any given
link (n,m), i.e., Y5l R, (t) < Rma,

EDs inject DUs into the network, which are stored in sep-
arate transmission queues. Each node n maintains K queues,
one for each ED. Let QF (t) be the queue state at node n for

ED £k, measured in DUs. Its evolution is given by

if link (n,
otherwise.

m) carries a DU of ED k ™

QF(t+1) =max | 0,Q%( ZR —1{n e S}I*{t)
(n m)e&
+AMMUneUt+ > REL(1)
(I,n)e&

®)

The queue is drained by the DUs generated by the k-th user
and subsequently transmitted or processed by the node n,
while it is fed by the incoming traffic from other nodes and, if
the node is part of the user set I/, by a newly generated task.

The transmission model follows the standard model for
multi-hop systems [3], exploiting the links channel states
S(t) = {Sn.m(t)}(n,m)ce and the allocated powers P(t) =
{Ppn,m(t)}(n,m)ee to characterize the Shannon channel capac-
ity fin,m(Sn,m(t), Pnm(t)), which determines the transmis-
sion latency time DF . (t) = W*/ji, o (t). Thus, the energy
consumption for the transmission of a DU generated by the

k-th ED at the ¢-th slot across the link (n,m) is
Efim( ):P”Jﬂ( )D'ﬁm( ) (9)

and the overall transmission cost is given by

Z > R m(t).

k=1 (n,m)eE

Bt (t (10)

F. Performance Metrics

Optimizing the set of reliability hyperparameters ©(t) =
{6 ()}, primarily aims to enforce a deterministic worst-
case constraint. Specifically, we want to ensure over time that
the average (per frame) reliability loss of the tasks belonging
to the k-th ED approaches the target value r*. Mathematically,
this is expressed as

F-1 (f+1)s

Z >, D LWL

f t=fS+1s€S

<rk4+0(1), A1)

where
LY(t) = Ly(T" (TS (1)), 0% (t))

is the loss accrued by a decision taken at time ¢ by the server s
on the task 7 g %(t)), generated at the slot T (t); the quantity
th;fgﬂ > ses IF(t) in (12) denotes the number of
DUs of the k-th ED whose decisions on have been taken within
the f-th frame; and the function o(1) tends to zero as F — oc.
The constraint defined in (11) is deterministic in the sense that
it must be satisfied for each run of CLO.
The optimization objective is given by the weighted sum of
the transmission energy (10) and of the overall precision loss
across all the EDs, i.e.,

J(t) = Eot(t) + nFiot (1),

where 7 > 0 is a multiplier used to explore the en-
ergy/precision trade-off. The overall imprecision is given by

S D WAL

k=1seS

(12)

13)

Fiot(t TE(t)),05(t),  (14)

with Fi(7%(TF(t)), 0% (t)) denoting the precision loss accrued
by the decision taken by the server s on the DU 7% (T%(t)).
G. Problem Formulation

Overall, we aim to addressing the optimization problem

s.t.  (a) long-term reliability constraints (11) Vk,
(b) QF (t) are mean-rate stable Vk,n,

(©) P,(t) < Pmax, ka ) < IPa nst,
(e) ZR" m(t) < RY Y(n,m) € &t
(15)
where () {I(t),R(t),P(t),©(t)} is the set of the

optimization variables. Problem (15) pursues the average en-
ergy/precision trade-off .J(t) optimization under: (a) long-term
deterministic reliability constraints; (b) mean-rate stability of
all the queues; (c) transmission power constraints, and max-
imum processing capabilities for each server; (e) maximum
transmission capacities for each link.

We now discuss the development of a dynamic optimization
strategy to effectively tackle problem (15).



III. CONFORMAL LYAPUNOV OPTIMIZATION
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Fig. 2: Time axis organization. LO optimization within a fame
and O-CRC hyper-parameters update by frames.

The classical LO framework is unable to address the long-
term reliability constraint (15a) since it only accommodates
average long-term constraints and does not support determin-
istic worst-case constraints of this type. Conversely, O-CRC
is designed to handle deterministic constraints like (15a), but
is not intended for optimization tasks.

We first note that purging problem (15) of the constraint
(15a), and fixing the reliability-controlling variables ©(¢),
the optimization of {P(¢),I(¢),R(t)} falls into the class of
problems solvable by LO. Thus, CLO envisages the following
steps, depicted in Figure 2:

e We define a frame size S, during which the reliability
hyperparameters remain constant. The reliability hyperpa-
rameter at the f-th frame is denoted as 9’; =0F(fS+1);

o Within the f-th frame we perform resource allocation ac-
cording to the standard LO methodology [3], as detailed
in Section III-B;

o At the end of each time frame, the reliability hyperparam-
eter is updated on the basis of the average loss accrued
within the frame, as detailed in Section III-A.

A. Controlling the Reliability Constraints by CLO

To update the reliability hyperparameters © ; = {0’]3 M
CLO assumes that some feedback is available on the average
loss associated with the decisions that have been already taken.
This feedback is obtained by averaging the losses L (t), as
given in (12), over all the DUs processed within the slots of
the f-th frame. Specifically, the feedback is calculated as

(f+1)s

I’;:ﬁ S S L),

f t=fS+1se8

(16)

Once the feedback for all decisions made within the f-th
frame is collected, CLO updates the reliability hyperparame-
ters as follows [4]

—k
01 =05 +y"1{N} > 0}(+" — I}), (17)

where 4% > 0 is the learning rate. According to (17), if the
reliability constraint r* is violated within the frame f,ie., if
f’; > ¥ the variable 0’} is reduced, resulting in 9’} 11 < 9’}3.
This adjustment will ensure more reliable (and less precise),
decisions for ED £k in the next frame f+ 1. On the other hand,
when the reliability constraint is satisfied within the frame f,
ie., if f]; < rk, the update (17) increases 0’;, leading to more
precise decisions at the next time frame.

B. LO Driven Within Frame Resource Allocation

Following LO derivations [3], for each slot ¢t € [fS+1, (f+
1)S], we end up with the following instantaneous problem

min VJ(t) - Uk (tRE (¢
{P(t).1(t),R(1)} ()(n m);keu’ (1) (1)

=Y 1{n e SIQLM)IE(®) (18)
neN kel
s.t.  (15¢)-(15e),
where V' > 0 is a hyperparameter; and
Up (1) = Qp (1) = Qp (1) (19)

is the differential backlog on link (n,m) € & for ED k [3].

Problem 18 does not admit a closed-form solution, given
the lack of a closed-form expression for the precision loss
(14). A possible approach to face this consists in training a
set of neural networks (NNs) to predict the precision loss of
the inference models deployed at the servers. Furthermore, the
problem is mixed integer since the variables I(¢) and R(¢) are
discrete. Evaluation of a near-optimal solution is still possible
through numerical solvers, as detailed in Section V.

IV. THEORETICAL GUARANTEES

We discuss herein the theoretical guarantees of CLO . For
the following analysis, we define the process capturing the
environmental stochasticity as Q(t) = {A(¢),S(¢), T(¢)}.

Proposition 1. Under Assumptions 1 and 2, as the number
of frames F' — oo, the deterministic long-term reliability
constraint (15a) is satisfied by CLO for each realization of
Q(t). Furthermore, the average reliability loss (11) satisfies
the following upper bound for any number of frames F’

!

-1

1 —— M +~* —0F
k k 0
T LE<r e (20)
f=0
U (M)

where M = maxf{HI;} -~k

IThe Proof of Proposition 1 relies on Theorem 1 in [4], while the proof of
Proposition 2 is based on Theorem 4.8 in [3]



If we do not have any prior information on the distribution
of the hyperparameter 9’}, we can set a worst-case determin-
istic upper bound imposing M = 1 for a segmentation task
[4]. Otherwise, the value of M can be estimated by observing
the maximum of the hyperparameters 0’; after the execution
of CLO. Proposition 1 demonstrates that, with respect to the
reliability constraint, selecting a small number of slots per
frame, S, is advantageous as it increases the number of frames
F for a given total number of slots 7' = F'S. However, it will
be shown shortly that larger values of S are beneficial for
reducing the average cost.

Before analyzing the performance of CLO in network cost
optimization, we make the following statistical assumption.

Assumption 3. The process (t) is i.i.d. over time slots.

Proposition 2. Let

] =

G(t) = 21

K
> Qn®?
k=1

be the Lyapunov function for the system’s queues, and assume
the condition E{G(fS 4+ 1)} < oo. Under Assumption 3,
denoting by J; the minimum time average cost at the f-th
frame achievable by any policy meeting constraint (15b), CLO
satisfies the following properties, where p is a constant term.:

1 & 1= 1 0
1) — < — * — =
6)) T élE{J(t)} <% fE_O {Jf +0 (S)] + %
(ii) constraint (15b) is satisfied,

n=1

(22)

This proposition demonstrates that CLO achieves near-
optimal long-term performance while meeting all constraints
in problem (15). The suboptimality of the solution is limited
by a term of order O(1/S). As a result, enhancing network
performance necessitates increasing the frame size S.

V. SIMULATION RESULTS AND CONCLUSION

Setting: we consider a single-hop network with K = 3 EDs
connected to an edge server (ES). EDs run low-complexity
UNet segmentation NNs [25] based on a MobileNetV3 en-
coder, while the ES employs a ResNet50 encoder 2. We
consider Rayleigh channels with path loss PL = 90dB, a
maximum transmit power P;"** = 3.5 W for all k, and a noise
power spectral density Ng = —174 dBm/Hz. Transmission
bandwidth is set to B, ,,, = 20 MHz for all (n,m) € &£, while
the time-slot duration is set to § = 50 ms. The generation
of new tasks follows a Bernoulli distribution with parameter
Ak € {0.4,0.8} for all k. We consider a non-stationary setting,
where A* may change every 100 slots with probability p = 0.5.
We set V' = 200, and n € [0.2,0.8].

Task description: we focus on an edge-assisted binary seg-
mentation task based on the Cityscapes dataset [26], divided
into 10,000 training, and 10,000 test images of urban scenar-
ios. Images are composed of 256 x 256 x 3 px encoded with

NN implementations are
org/segmentation_models.pytorch

provided by https:/github.com/qubvel-

32-bit, which leads to a task size W* = 768 KB for all k.
We converted the original multi-class segmentation task into
a binary segmentation task by focusing only on car objects.
We impose a reliability constraint on the FNR (2), while we
consider (5) as a precision metric. To predict the precision
loss (14) in resource allocation, we trained two low-complexity
NN through knowledge distillation to mimic the output of the
inference models at the EDs and at ES.
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Fig. 3: Energy vs. precision trade-off for LO and CLO.
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Fig. 4: Long-term FNR (11) for CLO (n = 0.8, r* = 0.14).

Experimental evaluation: we compare CLO with the stan-
dard LO, for a reliability frame size S = 10. LO pursues
average reliability by introducing a set of virtual queues
{Z*}K |, fed by instantaneous violations of the reliability
constraint r* [3]. Violations are weighted by a set of step sizes
{B*}E_| which, similarly to the learning rates {7*}£ in (17),
control the convergence speed [3]. To make fair comparisons,
we set 3% = 0.5 and v* = 0.5 for all k. The per-slot problem
(18) is solved using the MOSEK solver’s Python API’.

Unlike CLO, in LO the hyperparameters {0%(t)} are
treated as discrete, belonging to the set {0.1,0.2,...,0.9},
and optimized at each time-slot. To limit the computational
complexity of the associated integer optimization problem, we

3https://docs.mosek.com/latest/pythonapi/index.html
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Fig. 5: Long-term FNR (11) for LO (n = 0.8, r* = 0.14).

impose a common threshold in LO for all users, i.e., 0¥ (t) is
set to a unified value 6*(t) for all k.

Figure 3 illustrates the trade-off between average energy
consumption and precision, given by 1 — F(7,6). These plots
have been obtained by running LO and CLO for increasing
values of the penalty parameter n in (13), and averaging during
the last 1,000 time slots, at the convergence of the reliability
constraint. We note that LO achieves higher precision than
CLO for the same energy consumption. This represents the
price paid by CLO to ensure deterministic reliability guaran-
tees. The reliability constraints are analyzed in Figures 4 and
5, which display the FNR across time for 10 realizations of LO
and CLO, under similar energy consumption (corresponding
to the rightmost points in Figure 3). Figures also include the
worst-case and the a posteriori upper-bound in (20), obtained
by estimating the value of M in (20) during the execution of
CLO. Simulations confirm that CLO respects the deterministic
upper bounds for any realization, while LO often violates
them, especially as the time progresses and the bounds tighten.

To conclude, this paper presents conformal lyapunov opti-
mization (CLO) which, by integrating Lyapunov optimization
with conformal risk control, guarantees long-term determinis-
tic reliability while optimizing the costs and precision of edge-
assisted inference tasks in networks with multiple hierarchical
servers. Simulations have confirmed the effectiveness of CLO
and the expected advantages over Lyapunov-based resource
management strategies. Future work may consider more realis-
tic scenarios, including interfering users, transmission outages,
computational constraints, and service delays.
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