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Abstract—In this paper, we investigate a novel representation
of a band-limited and continuous-time signal using a sequence
of impulses or events. To begin with, we evaluate the mean
squared error between the original signal and its reconstructed
version assuming that: (i) the signal samples are transmitted at
the Shannon channel capacity; (ii) the signal representation using
the cosine phase method is done before its transmission. The
proposed approach is then compared with an existing approach
based on the signal transmission of quantized samples. Finally,
we provide some representative examples through Monte Carlo
simulations, consistently revealing the superiority of the proposed
signal representation approach over the existing one regarding
transmission bandwidth and peak-to-peak value of the original
signal.

Index Terms—Event-driven transmission, continuous-time sig-
nals, mean-square error, wireless sensor networks.

I. INTRODUCTION

A wireless sensor network (WSN) is a distributed net-
work that typically consists of a fairly large number of au-
tonomous battery-powered wireless nodes with limited energy-
capabilities [1]. The data monitoring and reporting are impor-
tant functions of the WSNs, building up an uplink-dominated
system where multiple sensor nodes share the same network
resources to communicate to a single gateway. This class of
wireless network can be classified under the name massive
machine-type communications (mMTC).

In this context, time-based strategies that perform sensing,
processing, and communication functions as part of the moni-
toring and reporting schemes are known to bring challenges due
to the very large number of users that share network resources
while individually constrained by their energy limits [2], [3].
An answer to this is to employ signal processing and communi-
cation based on more informative events [4]. In contrast to the
time-based approach, the event-based paradigm requires ape-
riodic transmissions of sample data when a meaningful event
occurs (e.g. a threshold violation). In many types of signals
(e.g., with spiking like variations), event-based communication
results in a reduction of superfluous transmissions while main-
taining system performance, e.g., signal reconstruction [5]–[8].

The event-based paradigm, however, suffers from synchro-
nization issues due to its aperiodic nature, that may severely
limit packets’ transmission and identification. Recently, in
[9], we developed a new method called semantic–functional
communication (SFC) tailored for multiuser alarm systems with
event-driven transmissions of sensors’ states. This approach is
based on meaningful data transmission in respect to the alarm
system functionality. In [10], SFC was also demonstrated to
be effective as the basis of a wireless network supporting the
operation of a swarm of unmanned aerial vehicle (UAV). The
proposed solution was demonstrated to offer the best trade-
off between performance in terms of the functionality of the
system (remote sensing), energy efficiency and time delay.

A key aspect of [10] is that the functionality expected to the
system only required the transmission of the state (i.e., alarm
message). In this paper, our aim is to extend this approach in
the case where the functional goal is to reliably reconstruct
signals (i.e., time series) transmitted by different source nodes
at a given sink (e.g., a gateway). In this case, we are moving
from the transmission of discrete states towards telemetry of
continuous signals in a multiuser scenario.

The main issue is that traditionally Fourier representation
of signals assumes a periodic sampling and synchronization.
For our proposal, this needs to be revisited, and thus, we are
proposing a novel representation of a band-limited continuous-
time signal via a sequence of pulses and cosine phase shifts
(which can be associated to events in the SFC approach.)
Such a signal is described by two-phase shifts for each term
of its Fourier transform. Assuming that the signal samples
are transmitted at the Shannon channel capacity, and that
the signal representation using the cosine phase method is
done before its transmission, we evaluate the mean squared
error (MSE) between the original signal and its recovered
version. Moreover, we compare the proposed approach with an
existing one (used as benchmark) based on signal transmission
of quantized samples. Finally, Monte Carlo simulations are
provided to assess the performance of the proposed system
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and the benchmark approach.
The remainder of the paper is organized as follows: In

Section II, the underlying problem statement is formulated.
In Section III, a novel representation of signals is proposed,
namely signal representation by cosine phase. Section IV
describes the transmission configurations adopted in this work.
In Section V, some representative examples are provided,
consolidated by the final remarks in Section VI.

II. PROBLEM STATEMENT

A scenario where several signals are to be reported to a
gateway or network node is considered. We begin with some
important definitions. A sink node is a node that combines
all the received signals, while a network node1 is a node
that reports its measurements to the sink node. It is assumed
that a sink node cannot transmit to the sensor node, and that
all the retransmissions, acknowledgment messages, or update
requests are not made available at the latter. The scope of the
proposed work is limited to the sampling&transmission and
reconstruction processes at the sensor nodes and sink node,
respectively.

A. Sampling, transmission power, and bandwidth

To begin with, we review the impact of the sampling rate
in conjunction with quantization on the MSE for the recovered
signal. Let x(t) be a band-limited, continuous time signal, i.e.,
∃W > 0 such that |X(ω)| = 0, ∀ |ω|/π > W with X(ω)
representing the Fourier transform of x(t). Thus, samples of
x(t) spaced less than or equal to 1/W seconds apart are a
sufficient representation of x(t). Assuming a uniform sampling
with a minimum rate, i.e., the maximum time duration 1/W
that meets |X(ω)| = 0, ∀ |ω|/π > W , we have the kth sample
of x(t) given by x[k] = x(k/W ). The continuous time signal
can be recovered from y(t) =

∑
k x[k]sinc(Wt − k), with

sinc(x) = sin(πx)/(πx).
For simplicity, we assume a uniform quantization with a

fixed rate (fixed code length) [11]. Thus, let Q : R → R be the
M -bin causal quantization function defined as

Q(x) =

{⌈
x−xmin

∆

⌉
∆− ∆

2 + xmin, x > xmin

∆
2 + xmin, x = xmin

, (1)

where ∆ = (xmax − xmin)/M , xmin = min{x(t)}, xmax =
max{x(t)}, and ⌈·⌉ rounds to the smallest integer greater than
or equal to the argument. Assuming that the samples x[k] are
quantized by Q(x) given in (1), the encoded signals are trans-
mitted with the Shannon capacity C = B log2(1+P/(BN0)),
where B is the maximum bandwidth available for signal
transmission, P is the average transmit power and N0/2 is the
power spectral density of the additive white Gaussian noise

1In this work, a network node is also referred to as a sensor node.

(AWGN). For an arbitrarily low bit error rate, the following
condition should be met

MW ≤
(
1 +

P

BN0

)B

. (2)

Moreover, we assess the MSE between x(t) and its recov-
ered counterpart obtained from the received signal y(t) =∑

k Q(x[k])sinc(Wt − k) assuming an error-free transmis-
sion (i.e., the transmitted packets are received successfully).
Given that x[k]−Q[k] is uniformly distributed in the interval
[−∆/2,∆/2[, the MSE between x(t) and y(t) can be written
as

MSEx,y = E
[
(x[k]−Q[k])2

]
=

(xmax − xmin)
2

12M2
, (3)

where E[·] denotes the expectation operator.

III. SIGNAL REPRESENTATION BY COSINE PHASE

Here, we propose a novel approach for a signal represen-
tation via a sequence of pulses. In a nutshell, the proposed
method represents each pair of the Fourier transform terms of
a zero-mean, periodic, and band-limited signal with the sum
of phase-shifted cosines. Next, we convert each phase shift
obtained by the proposed signal representation into a time
impulse before transmission. In what follows, the proposed
signal representation by the cosine phase method is described
in detail.

Without losing any generality, it is assumed that each sensor
node monitors a single signal. Let xs(t) and S be the signal
sensed by the sth sensor node and the number of sensor nodes,
respectively. Considering xs(t) as a zero-mean and τ–periodic
signal with τ = 2π/ω0, a natural representation of such a signal
is given by the Fourier series as

xs(t) =

N∑
n=1

(
an,s cos(nω0t) + bn,s sin(nω0t)

)
, (4)

where the summation has N = ⌊πW/ω0⌋ nonzero terms
because xs(t) is band limited and ⌊·⌋ rounds to the largest
integer less than or equal to the argument. ω0 is the ordinary
frequency. an,s and bn,s are the coefficients of the Fourier
transform. Since

cos
(
nω0(t− ta)

)
+cos

(
nω0(t− tb)

)
=(

cos(ntaω0) + cos(ntbω0)
)
cos(nω0t)+(

sin(ntaω0) + sin(ntbω0)
)
sin(nω0t),

the expression in (4) can be further expressed as

xs(t)=

N∑
n=1

cos
(
nω0(t− t(s,n)a )

)
+ cos

(
nω0(t− t

(s,n)
b )

)
, (5)
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with t
(s,n)
a and t

(s,n)
a being the coefficients of the proposed

representation by cosine phase. By solving the following set of
equations{

cos(nt
(s,n)
a ω0) + cos(nt

(s,n)
b ω0) = an,s

sin(nt
(s,n)
a ω0) + sin(nt

(s,n)
b ω0) = bn,s

, (6)

we can then obtain t
(s,n)
a and t

(s,n)
b . In light of the above, we

can now proceed with the quantization and transmission of the
values of t(s,n)a and t

(s,n)
b . We assume that the transmitter sends

t
(s,n)
a and t

(s,n)
b at a rate lower than the channel capacity and

t̂
(s,n)
z is the recovered version of t

(s,n)
z at the receiver (it is

worthwhile recalling that the decoding process can be error-
free), with z ∈ {a, b}. By noting that

t(s,n)z ∈
[
− π

nω0
,

π

nω0

]
,

we can quantize t
(s,n)
z using (1) as follows. Hereafter, we refer

to the quantization interval ∆ as l solely for the proposed signal
representation by the cosine phase method. Thus, we have l =
2π/(MRbCPnω0), with MRbCP

2 being the number of bins, and
for an arbitrarily low bit error rate, the following condition
must be met

2N log2(MRbCP)

τ
≤ B log2

(
1 +

P

BN0

)
(MRbCP)

2N
τ ≤

(
1 +

P

BN0

)B

. (7)

Note that every τ seconds, the calculation of t
(s,n)
z and trans-

mission process begin. Under these conditions, the following
conclusions can be drawn.

First, the MSE of the recovered signal is given by

MSERbCP =
1

τ

∫ τ
2

− τ
2

E
[
(xs(t)− x̂s(t))

2
]
dt, (8)

where x̂s(t) represents the signal recovered by applying the
quantized value of t(s,n)a and t

(s,n)
b in (5).

Subsequently, using the Fourier series of xs(t) and x̂s(t), it
can be noted that

1

τ

∫ τ
2

− τ
2

cos(ktω0) cos(ntω0) dt =

{
0, if k ̸= n
1
2 , otherwise

,

1

τ

∫ τ
2

− τ
2

sin(ktω0) sin(ntω0) dt =

{
0, if k ̸= n
1
2 , otherwise

,

and

1

τ

∫ τ
2

− τ
2

cos(ktω0) sin(ntω0) dt = 0,

2For ease of notation, we use RbCP to denote representation by cosine phase.

∀ k ∈ Z, n ∈ Z, and τ is an integer multiple of 2π
ω0

. After some
mathematical manipulations, we get MSERbCP, which can be
expressed as

MSERbCP=2N +

N∑
n=1

E
[
cos

(
nω0

(
t̂(s,n)a − t̂

(s,n)
b

))]
+

+E
[
cos

(
nω0

(
t(s,n)a − t

(s,n)
b

))]
−E

[
cos

(
nω0

(
t̂(s,n)a − t(s,n)a

))]
−E

[
cos

(
nω0

(
t̂
(s,n)
b − t

(s,n)
b

))]
−E

[
cos

(
nω0

(
t̂
(s,n)
b − t(s,n)a

))]
−E

[
cos

(
nω0

(
t̂(s,n)a − t

(s,n)
b

))]
. (9)

Let the quantization interval l be small enough such that
Ez = t

(s,n)
z − t̂

(s,n)
z , ∀z, s, and n following a uniform distribu-

tion in the interval [−l/2, l/2). In other words, we assume a
uniformly distributed quantization error. Thus, we can calculate
some terms of (9) as

E
[
cos

(
nω0(t̂

(s,n)
z − t(s,n)z )

)]
=

∫ l
2

− l
2

cos(nEzω0)

l
dEz

=
2

nlω0
sin

(
nlω0

2

)
, ∀z ∈ {a, b}, (10)

E
[
cos

(
nω0(t̂

(s,n)
z − t

(s,n)
z′ )

)]
=

2

nlω0
sin

(
nlω0

2

)
×
∫ ∞

−∞

∫ ∞

−∞
cos(nω0(x− y))f

T
(s,n)
a ,T

(s,n)
b

(x, y) dx dy,

∀z, z′ ∈ {a, b}, and z ̸= z′, (11)

and

E
[
cos

(
nω0(t̂

(s,n)
a − t̂

(s,n)
b )

)]
=

4 sin2
(
nlω
2

)
l2n2ω2

×
∫ ∞

−∞

∫ ∞

−∞
cos(nω0(x− y))f

T
(s,n)
a ,T

(s,n)
b

(x, y) dx dy, (12)

with f
T

(s,n)
a ,T

(s,n)
b

(x, y) being the joint probability density

function (PDF) of t
(s,n)
a and t

(s,n)
b . Finally, after substituting

(10), (11), and (12) into (9), we obtain

MSERbCP = 2N −
N∑

n=1

[
4Q− (2Q− 1)

2 I
]
, (13)

where

Q =
1

nlω0
sin

(
nlω0

2

)
=

MRbCP

2π
sin

(
π

MRbCP

)
,

and

I =

∫ ∞

−∞

∫ ∞

−∞
f
T

(s,n)
a ,T

(s,n)
b

(x, y) cos(nω0(x− y))dxdy.
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It is evident that −1 ≤ I ≤ 1. Therefore, MSERbCP can be
lower and upper bounded by

1− 4Q2 ≤ MSERbCP

N
≤ 4

(
1

2
−Q

)(
3

2
−Q

)
, (14)

Next, we investigate whether the signal representation by
cosine phase method can perfectly reproduce the signal xs(t)
(i.e., MSE → 0) when MRbCP → ∞. Using the following
approximation sin(x) ≈ x, we can write

Q =
nlω0

2nlω0
=

MRbCPπ

2MRbCPπ
=

1

2
. (15)

After substituting (15) into (13), it is easy to see that MSERbCP
is equal to 0. Note that the equality is met for sin(x) = x;
however, such an approximation is more accurate as the argu-
ment x becomes smaller, i.e., x → 0. Therefore, MSERbCP is
asymptotically equal to 0.

IV. TRANSMISSION

A. Single transmitter

Here, we compare the MSE of the original signal xs(t)
with its recovered version, x̂s(t), under both the benchmark
approach3 and the proposed approach (i.e., signal representa-
tion by cosine phase approach). For the proposed approach,
we assume that the signal xs(t) is represented according to
(5); therefore, we calculate, quantize, and transmit the values
of t

(s,n)
a and t

(s,n)
b every τ seconds. Moreover, we adopt an

MRbCP-bin quantization following (1) for the signal represen-
tation by cosine phase, similar to the benchmark approach.

By comparing (2) with (7), we can establish a relationship
between the number of bins for the benchmark approach, i.e.,
M , and the number of bins for our proposed approach, i.e.,
MRbCP, as

MRbCP = M
τW
2N , (16)

such that the bandwidth B and the transmission power P are
the same for both.

B. Multiple transmitters

We consider two cases under a multiuser scenario. We first
consider a case in which the transmission medium is shared
without interference between users, i.e., an orthogonal sharing
method is adopted. For example, each user has access to a
portion of the available transmission band B, or equivalently,
transmits for only a short period of time. In this case, the per-
formance of each user can be obtained independently, similar
to the case discussed previously in Section IV-A.

Next, we consider the case of nonorthogonal transmissions.
Herein, the transmissions from all the sensor nodes are super-
imposed within the bandwidth B, and the receiver can apply

3For simplicity, we use the term benchmark approach when considering
a communication system that takes samples xs(t) at every 1/W seconds,
performs M -bin quantization as in (1), and transmits at the Shannon channel
capacity.

an interference mitigation technique to recover the transmitted
signals. In this instance, the nonorthogonal multiple access
(NOMA) technique is adopted, where the signal-to-noise ratio
(SNR) for a given sensor node is subject to degradation due
to interference from other nodes. There are reported studies
in the existing literature that have proposed some methods to
maximize the bit rate of the sensor nodes for NOMA. For
instance, Zhang et al. maximize the sum-weighted bit rate by
jointly optimizing the three-dimensional placement of users
and power allocation [12]. In this regard, the performance
of a specific user can be evaluated through a peer-to-peer
communication whose maximum communication rate is de-
graded by interference from other nodes. Therefore, we can
assess the MSE of such a NOMA-based system as discussed
in Section IV-A. For example, suppose that a given user i
can transmit at rate Ri in a given configuration of a NOMA
system. In this case, the following conditions must be met for
the approach benchmarks and RbCP

W log2 M ≤ Ri, (17)

2N log2(MRbCP)

τ
≤ Ri, (18)

respectively. By combining (17) and (18), we can write

MRbCP = M
τW
2N . (19)

Note that the result obtained for NOMA is the same as that
presented in Section IV-A.

We assume that all S signals are τ -periodic with a band-
width W/2. By noting that the benchmark approach and the
proposed signal representation by cosine phase approach for the
case of multiple sensor nodes require a transmission rate of
log2

(
MWS

)
and log2

(
(MRbCP)

2NS/τ
)
, respectively, we can

easily see that (16) is valid for the case of multiple sensor
nodes. It turns out that the maximum number of bins for the
proposed signal representation by cosine phase approach is
given by

MRbCP ≤
(
1 +

P

BN0

) τB
2NS

. (20)

V. EXPERIMENTS AND DISCUSSIONS

In this section, we evaluate the MSE of the signal repre-
sentation by cosine phase through Monte Carlo simulations.
Recall that MSEx,y given in (3) provides the theoretical basis to
compare against our proposed method. In short, such an MSE is
achieved by transmitting at the channel capacity and applying
sampling according to the Nyquist theorem. In addition, such
a model adopts an M -bin quantization function Q(·) similar to
(1). Hereafter, for ease of notation, we use the representation
by cosine phase (RbCP) to denote a system that adopts the
proposed approach of the signal representation, the MRbCP-
bin quantization function Q(·) as in (1), and transmits at the
maximum rate.
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To elucidate the process of generating and filtering the
signals used in our experiments4, we first define R′ as a
uniform random variable in the interval (−1, 1). Next, we
can construct a vector R = {r1, r2, ..., r|R|} containing |R|
independent realizations of R′. The wth term of the discrete
Fourier transform of R can be calculated as

F (w) = T

|R|∑
k

Rk exp(−iω0wtk), (21)

where i2 = −1 is the imaginary unit, T and tk = −τ/2 + Tk
denote the time increment and the time given in seconds of
the kth realization of R, respectively. Then, we can obtain the
signal xs(t) by doing the inverse Fourier transform of F (w)
as follows

xs(tk) = A

N∑
w=1

F (w) exp(iω0wtk), (22)

with N = ⌊πW/ω0⌋ and A being a constant to set the peak-
peak value of xs(tk).

In what follows, MSEx,y is calculated as in (3). Because all
the signals xs(t) have the same value of W , the bandwidth B
is divided equally among all S transmitters. Also, we assume
a sampling rate R slightly higher than W . Rewriting (2) with
the sampling rate R and setting M as largest possible integer
value, we see that M is then given by

M =

⌊(
1 +

P

BN0

) B
RS

⌋
. (23)

MRbCP is given by the largest integer such that (20) is met.
Thus, we have

MRbCP =

⌊(
1 +

P

BN0

) τB
2NS

⌋
. (24)

Furthermore, MSERbCP is theoretically estimated by the upper
bound given by (14).

Fig. 1 compares the original signal with those recovered by
RbCP and Benchmark Approach for B = 15 kHz, S = 25,
R = 16.8, SNR = −10 dB, W = 14 Hz, τ = 1 s, N = 7,
M = 30, and MRbCP = 59. Both methodologies effectively
replicate the original signal. Although both solutions do not
present a perfect match between the reproduced signals and
the original, it is clear that there is a close similarity in the
behavior.

In order to investigate the performance of both solutions
in more detail, we evaluate the MSE against bandwidth B–
providing an analysis centered on the network resource capacity
of the system–and the peak-to-peak value of the original signal.

Fig. 2 shows the upper bound on the MSERbCP, MSERbCP,
and MSEx,y versus B, where the curves (lines) are obtained
by using (14) and (3) for the RbCP and Benchmark curves,

4All Python simulation files are available on GitHub at
github.com/pedrogoria/Semantic-Functional-Communications

−0.4 −0.2 0 0.2 0.4

−1
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RbCP

Benchmark Approach

Fig. 1. Comparison between the reconstructed signal using the proposed model
and the Benchmark Approach. The parameters are: B = 15 kHz, S = 25,
SNR = −10 dB, W = 14 Hz, τ = 1 s, N = 7, and the sampling rate for
the Benchmark Approach is R = 16.8.

respectively. Also, the markers are obtained through Monte
Carlo simulations. It can be noted that the proposed upper
bound becomes tight as B increases. The curves resemble
a superposition of step functions and can be explained by
rounding the expressions in (23) and (24). It is worth noting that
as B increases, the RbCP method outperforms the Benchmark
approach in terms of MSE. Although we cannot categorically
verify such behavior by comparing (3) with (13), we can
intuitively state the following: the larger the number of bins
(M or MRbCP), the smaller the MSE becomes. Furthermore, by
realizing that MRbCP grows faster than M when B increases for
τ
2N > 1

R , we can expect that there is a value of B such that
the RbCP approach outperforms the benchmark approach in
terms of the MSE. This value is B = 1.5 kHz for the adopted
parameters, as highlighted in Fig. 2.

Fig. 3 examines the impact of the signal amplitude on the
MSE. Fig. 3 plots the upper bound on the MSERbCP, MSERbCP,
and MSEx,y versus the peak-to-peak value of the original
signal, where the curves (lines) are obtained by using (14) and
(3) for both the RbCP and Benchmark curves, respectively.
Moreover, the markers are obtained through Monte Carlo
simulations. MSEx,y increases with the square of the peak-to-
peak value of the original signal, as described in (3), whereas
MSERbCP is independent of the signal amplitude. In contrast,
the RbCP approach requires that t

(s,n)
a and t

(s,n)
b have both

real values; therefore, we may experience a deterioration in the
performance of the RbCP approach because the solution of (6)
could have an imaginary part for sufficiently high peak-peak
values.
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Fig. 2. MSE versus bandwidth B with S = 25, SNR = −10 dB, W = 14
Hz, τ = 1 s, N = 7, and the sampling rate for the Benchmark Approach is
16.8.

2 4 6 8 10 12 14
10−3
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M
S
E
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Fig. 3. MSE versus the peak-to-peak value of the signal with the parameters:
B = 15 kHz, S = 25, SNR = −10 dB, W = 14 Hz, τ = 1 s, N = 7, and
the sampling rate for the Benchmark Approach is 16.8.

VI. CONCLUSION

This work has proposed a signal representation based on
the phase shifts using a sum of cosines, which is tantamount
to a sequence of impulses or events. To begin with, a closed
formulation of the MSE for the proposed scheme has been
derived. Furthermore, we have derived an upper and lower
bound on the MSE for the proposed scheme, which are more
tractable than the exact formula. For the scenarios discussed
in the paper, the proposed signal representation can reduce the
MSE between the reconstructed and original signals for band-

width values B higher than a given threshold. This behavior
has been observed mainly through Monte Carlo simulations,
which constitutes an advancement to the state-of-the-art. A
more comprehensive theoretical analysis would be beneficial
to the research community and is worth being considered in
future research investigations.
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