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ABSTRACT

This work introduces a framework for the detection of a single
source with a sensor array in the context where the noise vari-
ance and the channel between the source and the sensors are
unknown at the receiver. Hypothesis test analysis is proposed.
The test statistic is a function of eigenvectors and eigenvalues
in the noise case. Recent results from random matrix the-
ory are used to derive the analysis of hypothesis test, under
asymptotic regime where the number of sensors and the num-
ber of observations per sensor are large but have the same
order of magnitude.

Index Terms— Single source, sensor array, random ma-
trix theory, hypothesis test

1. INTRODUCTION

The detection of unknown noisy signals or transmitter nodes
is a fundamental task in various signal processing and wire-
less communication applications. The identification of a
signal by an array of sensors constitutes a fundamental as-
pect of numerous wireless applications. This process holds
significant relevance within the domain of cognitive radio
for example, wherein a multi-sensor cognitive apparatus or
a collaborative network is tasked with autonomously per-
ceiving and understanding its surrounding environment [1].
Other examples concern the estimation of the number of
high-dimensional signals in white noise using relatively few
samples [2], the detection of signal in noise from finite sam-
ples using the sample eigenvalues alone [3], the detection
of failures in sensor networks [4], the detection of signal in
colored noise case [5], to mention just a few.

Eigenvalues based detection methods. In the spectrum
sensing, which involves effectively identifying spectrum op-
portunities, the detection process can be cast as a simple hy-
pothesis problem. Let y,, be the received signal, n is a dis-
crete time index. So, the received signal contains samples of
only noise term w,, or an additive combination of an infor-

mation signal component s,, and noise :

under H

— W,
Yn = Sp + Wp, under H;

here, w,, is an Additive White Gaussian Noise (AWGN).
In many communication models, the noise experienced by
the receiver is often characterized as white (AWGN model),
which implies temporal uncorrelation. Moreover, it’s a com-
mon assumption to consider the noise processes of different
receivers as uncorrelated. Therefore, the fundamental concept
behind eigenvalue-based spectrum sensing lies in leveraging
correlation within the received signal when informative signal
is present. This correlation can be quantified by utilizing the
sample covariance matrix. Here are some eigenvalue-based
detectors [6].

* The Maximum Minimum Eigenvalue (MME) detector
introduced in [7, 8] and developed in [9, 10, 11], con-
siders as a test statistic the ratio of the largest and small-
est eigenvalue of the empirical covariance matrix. Re-
sults from Random Matrix Theory (RMT) are used to
develop a detection threshold.

* The generalized likelihood ratio detector [1, 12, 13]
where corresponding test statistic (called Generalized
Likelihood Ratio Test -GLRT) is given by the ration
of the largest eigenvalue and the trace of the empiri-
cal covariance matrix. The performance of the GLRT
is analyzed in the asymptotic regime when the number
of sensors and the number of observations per sensor
are large but have the same order of magnitude. The
threshold is approximated by using asymptotic results
from RMT.

* The Maximum Minus Minimum Eigenvalue (MMME)
detector [14] which utilizes the largest and the smallest
eigenvalues and consider the test statistic defined by the
difference between these extreme eigenvalues.

* The Roy’s Largest Root Test (RLRT) considers simply
the largest eigenvalue as a test statistic [15, 16], which



is considered to be the Neyman-Pearson optimal under
the asymptotic regime.

In this article, we propose a nouvel test statistic based on
the eigenvectors and eigenvalues of the sample (empirical) co-
variance matrix. Results from random matrix theory concern-
ing asymptotic behavior of the eigenvectors and eigenvalues
are used to analyze the test statistic in the case where the vari-
ance of the additive noise is unknown. The rest of the paper
is organized as follows. Section (2) introduces firstly some
random matrix tools. The statistical test is then presented in
sub-section (2.2). Simulations results are carried out in Sec-
tion (3). Finally, Section (4) concludes the article.

Notations: In this paper, capital characters stand for ma-
trices while lowercase characters stand either for scalars or
vectors (bold ones). The K x K identity matrix is given by

.. D o
Ix The notation — denotes convergence in distribution.

2. SPECTRAL TEST STATISTIC FOR SIGNAL
DETECTION

2.1. Empirical eigenvectors based distribution

Lety, = [y}l, o yk ]T be the observed K x 1 complex
signals, for n = 1,..., N. In this setting, we aim to con-
struct tests associated with the following hypothesis testing
problem:

] owa under H

In = { Sn + Wy under H

where w,, = [Win,... ,wKn]T is an additive white Gaus-
sian noise (AWGN) with variance-covariance matrix 2.
Let Sk = + 22;1 ynY. be the empirical covariance matrix
and O g A g O be the spectral decomposition of S i with the
eigenvalues \; of Si arranged in nondecreasing order along
the diagonal of Ag. The columns of the matrix O are the
respective orthonormal eigenvectors of Sk, and Og € Ok
the K x K orthogonal group. Under null hypothesis, it is
well known [17, 18, 19] that the eigenmatrix of the Wishart
matrix follows the Haar distribution, representing a uniform
distribution over the group of unitary matrices (or orthogo-
nal matrices in the real case). We hypothesize that as the
dimensions of the eigenmatrices O increase, the eigenma-
trix of a large sample covariance matrix should converge to-
wards being asymptotically Haar distributed. However, artic-
ulating the term ’asymptotically Haar distributed’ presents a
challenge due to the increasing dimensions of the eigenmatri-
ces. Silverstein [17, 18] proposes the following definition. If
Ok conforms to a Haar measure over the orthogonal matrices,
then for any unit vector x € RX, the transformed vector z =
Ogx = (z1,...,2x)7 exhibits a uniform distribution over
the unit sphere SK {x € R¥;||x|| = 1}, where [|.|| is the
euclidean norm. Additionally, 1f w = (wy,...,wg)T ~

N (0, Ik), then z follows the same distribution as w/||w]||.
Consider the stochastic process in the space D(0, 1) given by:

\f[f: (Izkl2 - ) )

[Kt] denotes the greatest integer < K't. This stochastic pro-
cess converges to a Brownian bridge B(t) when K goes to
infinity [17, 18]. The issue in random matrix theory (RMT) is
to verify whether the same is true for general covariance ma-
trices. Let us first give two empirical distribution functions.
The first one, denoted by F'°%, is called the empirical spec-
tral distribution, defined as a counting measure based on the
eigenvalues of the matrix Sk . More precisely, it counts the
proportion of eigenvalues within a certain interval [0, x], for
given positive real x (Sk is a covariance matrix, so all eigen-
values are real positives). F'°¥ is given by:

Z 1y, <a 2)

In the seminal work of Marcenko and Pastur [20], it was
proved that, when N and K go to infinity with the same
rate, such that K/N — ¢ > 0, the probability measure F'5%
converges weakly to FM P the Marcenko-Pastur distribution
with density:

Fo% (g

(b—2)(z—a)
2moxc

Jup(x) = 1jg,p)()

where, a = 02 (1 — /&)> and b = o2 (1 + /2)°.
The second important distribution function, denoted by
FSx_is also a counting measure, based on both eigenvalues

vec?

and eigenvectors of Sk. This probability measure assigns a
weight |z |? for eigenvalue . It is given by:

Foi(x) Z 2?1, <o) 3)

2.2. Test statistic for detection

For ease of application of RMT, a time transformation in
Y (t) given by (1) is made. So that, we consider the follow-
ing process:

Xl = /5 (i) -

To examine the convergence of X k () we explore its lin-
ear functional, defined as

Xk (9) [ glx)dX(x
= Vi (ZH \Zf«Pgw) SRS YTEn)
= \/g(fg(w dF5% (x) — [ g(a)dFS (x))

where ¢ is a bounded continuous function. Let us now give
the theorem describing the asymptotic behavior of X g .

F5% () &)



Theorem 1 Under the following moment assumptions: w;;
are i.id. centered, of variance 1 and IE|w”|4 < oo, and
under the asymptotic regime N, K ———— oo, we have:

K/N—c>0
A D 2
X () K/N—c>0 N(O’OX)’
where 03 = (fg JAFME () — ([ g(a)dFMP( ))2)

Proof. The proof of this result come from results from [19]
for the special case T;, = I,,. Firstly, we have

Fs (a) SO0 pMP ()

N—o00

and by taking F.(z) = FMF(x) at this same reference, we
obtain the Gaussian asymptotic behavior of var(Xgk(g)),
with variance

o=t ( [arire - ([ g(w)dFMP<x>)2> .

We consequently propose the following test statistic to de-
termine the presence or not of signal.

K
Tatat = || 5o — 2 ( / xdF% (x) — / xdFSK<x)) (5)

with o2, = L [ 22dFMP(z)—~1 ([ 2dFMP(z))®. Follow-
ing theorem (1) under the null hypothes1s this test statistic
behaves like a standard gaussian random variable.

The null hypothesis is then rejected when inequality
Tstat > Ex holds, where £k is a certain threshold which
is selected in order taht the probability of false alarme
Pr, (Tstar > € ) does not exceed a given level .

2.2.1. Test statistic: unknown noise variance

Generally, the noise variance o2 is unknown. We pro-

pose here to estimate this variance by using the asymp-
totic behavior of of the smallest eigenvalues of empirical
. . o 1 N T .
covariance matrix Sx = Y., _;YnY,. Actually, in
the scenario of pure noise (under the null hypothesis), de-
noted by y,, = w,, where w,, is a white Gaussian noise
with variance-covariance matrix oIy, the seminal work
of Marchenko and Pastur [20] establishes that as under

the asymptotic regime N, K ———— oo, all the lim-
K/N—¢>0

iting values of the sample eigenvalues Ay fall within the
support of the Marcenko-Pastur law given by the interval
[a,b] = [02(1 — /c)%,0%(1 + \/c)?] and in particular, the
smallest non-null eigenvalue A\x — o2(1 — /c)?, (figure
1-(a)).

Under the alternative hypothesis, the eigenvalues corre-
sponding to the signal-information part (called the spiked

eigenvalues) go to some limits outside the Marcenko-Pastur
support [21], and the smallest non-null eigenvalue still goes
to the limit o2(1 — /¢)? (figure 1-(b)).

According to this, we propose to estimate o2 by:

where, \,,ip is the smallest non-null eigenvalue of Sk .
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Fig. 1. Empirical spectral distribution in the pure case (a) and
in the presence of signal (rank one perturbation case) (b)

3. NUMERICAL RESULTS

In the following section, we analyze the performance of the
proposed test. Figure 2 considers the ROC curve (Receiver
Operating Characteristic) which represents the true positive



rate versus the false positive rate. Here, we consider N1 = 50
independent samples of K = 50 dimensional Gaussian white
noise case and No = 50 independent samples of K = 50 di-
mensional signal-plus-gaussian noise case. The Area Under
the Curve (AUC) is equal to 0.71 which is a good perfor-
mance.

Figure 3 compares the area under curve (AUC) under our
test statistic versus the maximum minus minimum eigenvalue
(MMME) detector by considering the same model as previ-
ously (N; = 50 independent samples of KX = 50 dimen-
sional Gaussian white noise case and Ny = 50 independent
samples of K = 50 dimensional signal-plus-gaussian noise
case). One can observe that our model, T4, outperform the
MMME one.

Receiver Operating Characteristic (ROC) Curve
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Fig. 2. ROC curve efficiency according to the asymptotic
regime N = 100 and K = 50
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4. CONCLUSION

In this paper, we introduce a novel method for detecting the
presence or absence of a signal. We develop a theoretical test
statistic utilizing recent advancements in random matrix the-
ory. Unlike previous approaches that rely solely on eigenval-
ues, our method leverages both eigenvalues and eigenvectors
of the sample covariance matrix. Simulation results demon-
strate the effectiveness of our approach.
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